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USES of String Field Theory and

Polyakov string path integrals

| will introduce the covariant string field theory and the Polyakov string
path integrals in the proper-time gauge. In the proper-time gauge, the
string path integral can be written as integrals over the proper-times in a
way similar to the Schwinger’s proper time representation of Feynman
integrals of quantum field theory. For this reason, it becomes feasible in
the proper-time gauge to identify the field theoretical expressions of the
string path integrals which depict multiple string scatterings. The
four-graviton scattering will be evaluated and compared with the
conventional one obtained by using the vertex operators. The string field
theory may be useful to explore the quantum gravity in the region of
off-shell.
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Quantum Gravity and String Field Theory

Classical General Relativity Derived from Quantum Gravity

Boulware and Deser, Ann. Phys. 89 (1975):

“A quantum particle description of local (noncosmological) gravitational
phenomena necessarily leads to a classical limit which is just a metric
theory of gravity. As long as only helicity +2 gravitons are included, the
theory is precisely Einsteins general relativity.”

v

Closed String Field Theory

Closed string theory contains massless spin 2 particles in its spectrum. The
low energy limit of the covariant interacting closed string field theory must
be the Einstein’s general relativity. The closed string field theory may
provide a consistent framework to describe a finite quantum theory of the
spin 2 particles, the gravitons. We need to examine the graviton scattering
amplitudes of the covariant string field theory and compare them with
those of the perturbation theory of the gravity in the low energy region.
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Gravity as a low energy limit of a closed string field theory

Quantum gravity and closed string field theory

1. Closed string field theory may be finite: It may resolve the problem
associated with non-renormalizability of the perturbative quantum gravity
2. Closed string field theory is unitary: It may provide a resolution to the
problems related to the information loss and the Bekenstein-Hawking
entropy of black holes

3. Closed string field theory may have well-defined UV and IR behaviors.

v
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Vertex Operators

String Scattering Amplitudes with Vertex Operators

String scattering amplitudes with vertex operators may not be valid in the
off-shell and may not capture the correct UV behavior of string theory.

closed string propagation vertex operation
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String Path Integrals in the Proper-Time Gauge

[I. Closed string field theory in the proper-time gauge

We will construct a covariant string field theory and calculate three-string
scattering amplitude and the four-string scattering amplitude in the low
energy limit by extending the previous works on the open string field

theory.
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Fock Space Representation of
the Closed String Field Theory in the Proper-Time Gauge

Closed String Field Theory in the Proper-Time Gauge

S = (BKD)+ % <<q>\¢ 0 ®) + (®o ¢|¢>> .

The closed string field theory in the proper-time gauge generates the string
scattering diagrams, which can be represented by the Polyakov string path
integrals:

1

_ 3 oOXH OXY
4oy

SP = Do 50_3 Nuv

/deO’\/hha w,v=0,...,d—1.
M

String Scattering Amplitudes

Ay = / D[X]D[h] exp [—i /M dea,c].
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String Scattering Amplitudes of Closed String Field Theory
and Polyakov String Path Integral

Strategy of Calculation of String Scattering Amplitudes

© Evaluate the scattering amplitudes by using the Polyakov string path
integral

@ Re-express the Polakov string path integrals in terms of the oscillator
operators

@ Identify the Fock space (operator) representations of the string field
theory vertices

@ Choose appropriate external string states, corresponding to the
various particle states and evaluate the scattering amplitudes.

© Compare the resultant scattering amplitudes with those of YM theory
for open string and GR for closed string in the zero-slope limit

Taejin Lee (KNU) Wojanow.2018.9.27. Sept. 27th, 2018 8 /44



Closed String Theory: Review

Free String Theory

51/d7d08X'8X.

e
Decomposition of X in terms of left-movers and right-movers
X(1,0) = X(T 4+ 0) + Xg(T — 0).

Mode expansions

Xi(r,0) = i+ Sprto)+iy LS Zaneinrro)
L\ L 2 L 2 n n ;

n#0
Xp(r,0) = x +\/g/ (r — )+i\/ﬁlzl"ef""(?”)
R\T,0 - R 2PR7' o 2 7é0nan )
n

where x = x| + xg.
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Closed String Theory: Review

Canonical commutation relations
e
[XRa PR] =1 57

[m,an] = [@m,dn] = md(m+ n).

Momentum eigentate with eigenvalue P, n # 0:

1 Py P_n,a_p, a_,a_, P,-P_,
Py = \/exp{< + — — )}|0>
™n n n n 4n

Mapping from cylindrical surface onto the complex plane

[xc, pi]

z=e’ =t _p<p<n
Green's function on complex plane (¢ > &), A =1[£ —¢/|,

Ge(z,Z)) = In|z—Z
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Closed String Interaction in the Proper Time Gauge

CS mapping from the world sheet of three closed string scattering onto the
complex plane. For the three-string vertex in the proper-time gauge,

p=In(z=1)+Inz.

The local coordinates ¢, = &, + in,, r = 1,2, 3 defined on invidual string
world sheet patches are related to z as follows:

1
-G — LT
y ¢ z(z—-1)’
1
- a7
¢ ¢ z(z—1)’
e = _e7? z(z—1).

For convenience we choose, by using SL(2, C) invariance

21:07 22:1, Z3:OO.
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Local Coordinates

p=T1+ic p=T+ic
A2n i : 0 27 - :AO
| n |
C, non: . G, %l: .
° ol B = L
el e |
0 LI A \ L) U A I
To To
L > L >
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Neumann Functions of the Closed String Vertices

Fourier components of the Green’s function on complex plane
Gelprps) = Inlz — 24|

= 0 {Z GQZA (ein(né—nr) + e—in(né—nr)) - max(g,g')}

n=1

n,m
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s
Integral Formulas for C

C- rs

rr
COO

~rs
n0

~rs
Cnm

In|Z, — Zs|, r#s,
—Z—In|Z Z|+—T(§f)
i#r ar

G- L f = 1w

2n 277riz—Zs

n>1,

1 oG (2)-mC(2')
- r s > 1
2nm 27r17{ 27i (z — 2') 2 o mim=

Reality conditions of the Green's function

Crs =C*s  C* =0, nm>1.

n—m» —nm

Taejin Lee (KNU) Wojanow.2018.9.27. Sept. 27th, 2018 14 /



Scattering Amplitude of Three Strings

Scattering amplitude

W o= /DXexp( Z/ ) X(rr, )da—/deo*ﬁ)

= [detA] d/2exp{ {Zgrpo ZZ P(r)PSr,)1

r n=1

+Z Crs e|n|§,+\m|£sP(r) P(S) }

n,m

= (Plexp (Z&Lg)> [VIND).
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Neumann Functions of Three-Closed-String Vertex

Neumann functions of three-closed string vertex and those of
three-open string vertex:

G = NE=In|Z —Zl|, r+#s,

- 1
& = Np=-3Smiz - Zl+ m,
i#r r
_ - 1- 1 dz 1
s _ rs o _ s — He —n¢r(2) >1
0 =0 = 0 = on f, 2miz— Z,© M=
C.r:fn = Cisn m — §er;fn
1 G (2)-mCl(2')
e _— r s > 1
2nm 271'1?{27rlz—22 p M=t
Egim = Cisnm - 0
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Factorization of Three-Closed-String Scattering Amplitude

AL2,3] = g({k"}]

NG NG O ()
ol (s ot et )

r,s nm>1 n>1
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Three-Closed-String Scattering Amplitude

@ Three-Closed-String Scattering Amplitude =
three-tachyon scattering amplitude
+ two-tachyon and one graviton scattering amplitude
+ one tachyon and two-graviton scattering amplitude
+ three-graviton scattering amplitude
+ ...

@ Valid in the region of off-shell.
@ Non-Locality (off-shell).
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Factorization of Three-Closed-String Scattering Amplitude

Factorization of three-closed-string scattering amplitude

-Aclosed[]-7 2a 3] = Aopen[la 25 3] «Aopen[]-7 27 3]

Scattering amplitude of three closed strings can be completely factorized
into those of three open strings except for the zero modes.

Question: Can we factorize general closed string scattering

amplitudes into those of open string theory?

Realization of the Kawai-Lewellen-Tye (KLT) relations in the framework of
the second quantized string theory .
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Three-Graviton Scattering Amplitude

Decomposition of the spin-2 field into graviton, anti-symmetric tensor, and
scalar field

1 1 1 1
By = {EMW+WW)—W%ﬁ%}+{§MW—hW&+mW{EWJM
We choose the covariant gauge condition
0"h =0,
which becomes de Donder gauge condition for the graviton

1
- A Vhoa = V.
g—2" 0

For three-graviton scattering, we choose the external string state as

0" by —

|w3<;>=f[{h P61 10).

r=1
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Three-Graviton Scattering Amplitude

Three-graviton scattering amplitude

3 3
r N\ 2 ose
A[3—graviton] = /Hdp( )5 <Zp( )>5<\V3G!E[§i d[1>2>3]|0>
r=1 r=1
2\ 205 2 [ TT s (S o)
<3>e o /Hdp 5(2_ p )

3
(0 {H huV(P(I))agl)u 51’ V} (Z Nrs . S)T)
i=1 r,s=1
3 1 3 /
Iy t nim~ ~\m
(S o) 5 g
t=1

I,m=1
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Three-Graviton Scattering Amplitude

A[3—graviton] 1S precisely the three-graviton interaction term which may be
obtained from the Einstein’s gravity action.

3 3
A[3*graviton] = /Q/Hdp(’)(s (Z P(I)>
i=1 i=1

hpyun (P (1))hu2V2( (2))hu3V3( (3))
{77#1#2 Y3 + pHersp (2)M1+n#3u1 (3)M2}

771/11/2 1)1/3+771/2V3 (2)1 +77V3l/1 (3)1/2}

where & 2L V327 Gyo.
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Scattering Amplitude of Four Strings

Using the Cremmer-Gervais identity, we may write the scattering
amplitude of four closed strings as follows

Z,— Zpl21Zy — Z. |2 Z. — Z,|?
AL,2.3.4] — /H 472\ %= Zo%1Z0 — ZeP| |

d2Z,d?2Z,d?Z,
(r) p(s)
H 1Z — ZS|2 7t

2
o))
() (%)
r<s r<s
<{k<’>}|exp{12 > (C“ W at - a a(nr”‘“%”>
r,s nym>1

(s) (s)
rs ~(f)T P rsx (f)T p
o3 (S(eant el )
1 (1(p 2
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Shapiro-Virasoro Amplitude

Scattering of four closed string tachyons

(1) p(2) 2 ,3)
ATachyon[1a2a3a4] = g2/dZZ|Z’2p2.pZ|1—Z‘2p2'pz

= g2/d22|2|2(—§—2)|1_2\2(—5—2)

T(-1-Fr(-1-§r(-1-%)
r+5)re+5r+y

= 2rg

Mandelstam variables:
_ 2 _ 2 _ 2
s=—(p1+p2)°, t=—(pt+p3), u=—(p1+ps).
The Koba-Nielsen variables:

21:0, ZQZZ, Z:J,:l7 Z4:OO.
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Local coordinates for four-closed-string scattering

Schwarz-Christoffel transformation

4
p=> arin(z—Z)=Inz+In(z—Z) —In(z - 1) + im.
r=1

Z(ZZ__IZ). Interaction points on the complex plane are

Equivalently, e = —
determined by

aﬁ)_i Qr =0
0z z—27Z,

r=1

which has two solutions:

zr1=1£vV1-2Z.

These two solutions define two interaction points

-Z
,O(Zi)=|n£+iﬂ’
zy — 1
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Local coordinate patches

Two interaction points on the world sheet:

n o= 2Re|n(1—\/1—Z>, 7'2:2Reln<1+\/1—Z),
o) = 2Im|n<1—\/1—Z)+ﬂ', 02:2|m|n<1+\/1—Z)+7T.

Global coordinates on the local patches:

G+mn+ioy—im, on |/

)G+ mntio, on [l
P= -G+ mtioatir, on Il
—(a+ 1+ oo, on V.
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Conformal mapping from the string world-sheet to the

complex plane

The conformal mapping from the local string patches to the complex plane
may be written as follows :

T1+io1 (Z — 1)

el =g -2 on the 1st string patch,
; -1
e 62 = _e71+’c’1g, on the 2nd string patch,
z(z—2)
; -7
e G = e—Tz—lcsz(zl), on the 3rd string patch,
7
: -Z
e % — _6_72_,022(21)7 on the 4th string patch.
>
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Neuumann functions for four-closed-string scattering

- 1 dz 1

rs _ C _ Bl —n¢r(2) >1

0 Tl omiz—zo 0 "ET
11 enition] _ 7 10 ention 1 ——— eTition 1
ClO - 2 72 ClO - 2 ?7 10 — — 2 ?7
14 e7'1+101 1—-7 oo eﬂ'1+101 1
ClO - 0’ ClO - 2 ?7 ClO T?)
. ention 1 R
C1203 = - 2 ?a C]?(‘)].ZO? ClO - T(l_z)a
~30 e—Tz—idz e—T2—IO'2
CGo = R Cis = ——(2-2), G = Gig =0,
_ e T2—io2 e—T2—io2 e~ T2—io2
Cf(} = 5 (1—2)7 C10 _Tv C1o —T(Z—Z)-
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Neuumann functions for four-closed-string scattering

- 1 /
crs — e n¢r(2)—mds(2') > 1.
nm 2nm 27TI j[ 27i (z — 2') 2 o hm=

6‘12 B @21 +i201 (1 _ Z) 613 e tior—ma—ios (1 _ Z)
1 = 5 Z4 0 - 2 z 7
_ eT1+i0'1—T2—i0'2 1 _ eTl+i01—72—i02 1
i - ST g et
o4 entioi—m—io? (1-2) ~ 34 e 2m2—i202
- . =—(1-2).
C.11 2 7 Cll 2 ( )
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Scattering amplitude for four gravitons

(s) =[4]rr
A = /\Z4l4d2ZHyz Zs|? o) a5 Tl

r<s

2

rs* T (s)t

O|{Hh p() ()u( } | 24{(2(; ))
2

+ (Z EHEG S)T) (Z Cigralt p"") }

2 24{<Z Ciia' "“) (Z Ciia' "“)

2
(Z C{aaY”-p(S)) }\o>.
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2
Apgy = /dzZ]Z]4\1—Z\4hMV1h Pyuswsh

210 22 T U3V3 T AV,

4

M4 12143
a-—zp"T "

{Zi iR kst | Aptaks plata 4

e ;*)2*2 (22905 1 p@s) (27 p@ 4 plO0a)
e ;*)Z* (p(l)uz e p(4)u2> ( 7 p@a p(3)u4>
— s i Zl*)2Z* ((1 —Z"p Dpz p(3)u2) ( Dps 4 p(2)u3)
e Zl*)zp (1= Z)ps 4 pl@m ) (p0re 4 (1 - 24)pd0e)
o ;*)Z* (22500 + p(2)m) (2250 + p(4)u3>

1
_nﬂ3u4m (Z*p(3)'u1 + p(2)u1) (p(l)uz + Z*p(4)ﬂ2) } {Z* = 7

Taejin Lee (KNU) Wojanow.2018.9.27. Sept. 27th, 2018 32/ 44



Kawai-Lewellen-Tye (KLT) Relations

(r) (s)
I = /d2ZHyZ Z|? T (22 (1 — 26 P (1 - Z)

r<s
— /d2Z Zf2mf§(1 o Z)f2q7§(z*)f2n7§(1 o Z*)f2pf—
If we write Z = x + iy, then we treat x and y as independent two complex
variables. The integrand is an analytic function of y with four branch

points, +x, £i(1 — x). We may deform the contour of y which is along
the real line to the contour along the imaginary axis.

1
1= s (Ge) [ delein—gie - g
/1 dn [n| 5|1 —p| a2 (1 — ).
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Kawai-Lewellen-Tye (KLT) Relations

Factorization

I = sin (W—t> h(n, p)h(m,q),

8
Fr(—g+2n+2p—1)T (-5 —-2p+1)

| — ~1 2p 8 8

l(nap) ( ) r(%+2n) P

F(—5—-2m+1)T (-5 —29+1)
M (§—2m—2q+2)

I2(m? q)

where n, p, m, q are integers or half-integers.
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Four-graviton scattering

. i
Aug) = gQC['J]hMIVlhMQVEhMSVBhMJVJ sin ( A )

{Il (2 O).U.HLHE n#:\#d + Il (O‘ O)U#IHET?HEHJ + Il (0’ Q)Uﬂludnﬂzﬂﬂ

L1, 0)p(mepMis 71 1)pWm e 1[4, 1)p@nepie 411, g)p(ﬁ)uzp@)us)

Ni(=1,1)p@mpMea 10, 1)p®m p®ns o 10, 1)p@rpMes L1 (1, 1)p(2)u1p(4)ua\

/

,iﬁuzua (Il(l,O)p(3)“1p(2)“4 F (1, 1)p@mpMis 4, 1)p @i p@es g1 g)p(4)mp(1)u4)

1,(0, 1)p(3)#1p(4)#2 + (1, 1).p(3).u1p(1)#z + (1, l)p(zj"‘lp(d)“ + (2. 1)p(2)#1p(1)#z)w

{Ilﬁﬂsp) = D(n.p), p= y}
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Four-graviton scattering

Ay = w N Gl o R [P N N
[] 128I‘(1+§)F(L+§)F(1+%) pivy tp2r2 tpusys tava
tu 1 st 1 us 1
w papo paps . S pipapops | 07 TR TRpTEY S
{25/8+1n K Sy e 2i/sr1l
ik 5 (Dpap (2 4 gp(l)uap@)m 4 “p(-l)ua (2)ps _ “(“;_ 2) ——pDra s
2! D) 2 PR
s (S - Ly =D Ly o 2ty
3 3 T
s (Lo o @rap ey U e “(“4* 2 s

1
+
P 2ns +gp(3)mp(1>u4 +%’p(4)u1p(2)u4 _ “(“4*‘) i p(4)u1p(1)u4)

p@apDrs gpta)mpwm _ gp(2)u1p(1)us + §p<2>mp<4m>

: : : (u — 2
@ (ke %‘p(i")m pDnz 4 %‘p@)m Pz “(“4 ) o pmm p(l)ﬁm) }{# = 1/}
8
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Four-graviton scattering

The Four-graviton scattering amplitude is completely factorized (KLT
promoted to 2nd quantized level).

Contains tachyon poles which have been missing.

The first three terms become softer in the high energy limit.

Can be extended to the scattering amplitude in the off-shell region.
Test of Double Copy and Double Field Theory.
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Using the momentum conservation, on-shell consition s +t + u = 0, and
the gauge condition, in the zero-slope limit

2
gm 1
‘A[4] = 210 hMlVl huzuz h,u3u3 hu41/4 a

{L;tnumznuam + %t pHaH3 e 4 %” pfHa gt

_ppare (tp(l)ua pa 4 (23 p(l)m)
nHks (tp(l)m Ghra 4 5pBhrz (1)u4>
o (u (Dr2 p(#)ms 4 (42 p(l)m)
s (u (@) p(3)na - gp(3na p(2)u4)

(
(v

pars (sp®mpns | ¢p(2m p(4)u3>

pHsta (31 (4)u2 + up(4)“1 (32 }{H = V}‘
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Four-Graviton Scattering Amp by using vertex operators

pg - 2 TEDTEHTCY

1287 (14+3)F(1+4)r(1+Y) s Pz Ry s

{Lgnmlunmm + %tnmmnuzm + %nﬂlmnmm

—pHake (tp(l)uap(Z)m + up(Z)Map(l)M) — pHaks (tp(l)uzp(3)u4
+5p(3)u2p(1)u4> — pfaka <up(1)u2p(4)u3 + Sp(4)uzp(1)ua>
EPWEYE <UP(2)M1 p3me 4 g3 p(2)u4)

_phana <5p(4)u1 pHs | ¢p(2mm p(4)u3>

—pHata (tp(3)“1 p(4)uz + up(4)’“ p(3)ﬂ2) } {M = V}-
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Four-Graviton Scattering Amplitudes

© B. S. DeWitt, PRD 162, 1239 (1967): Calculated the four-graviton
scattering amplitude by perturbatively expanding the Einstein GR.

@ J. Schwarz, Phys. Rep. 89, 223 (1982): Four-graviton scattering
amplitude in the type-1l super-string theory (by using graviton vertex
operator).

© S. Sannan, PRD 34, 1749 (1986): Equivalence between the DeWitt's
four-graviton scattering amplitude and that of string theory
calculation.
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Four-Graviton Scattering Amplitude in the perturbative

Einstein GR

B. S. DeWitt, PRD 162, 1239 (1967)

sym[ — 3 Po(k k2N uallvgMoylon) — T P12(K 10k 18Muaoypn) — 3 Pk 10K 2uTagM oy on)
++Ps(k, Ko MuMapMoyTpn) + 5Pg(k, Ky MuaMvgMoplyr) + ';‘Plz(klvkxﬁ"lpaﬂap’ly}.)
+Pe(k 1k oy Nagopliyn) — TPek 1 koM Tlagoptyn) + 3 P2k 1Ko muallvaTpy o)
+ 3 P2y (k1K 18Mu0MayTpr) + TP12(K 10K 2y s agipn) + Pas K 1,k 26 gulay M)
— Py (k1 koMo paMyuMpn) + P12k 1vk 2 M goMyalpr) + P12(k 10K 161 8y Mpalpr)
—Poulk 1 k2N paMypMav) — 2P 120K 10K 18N aoMypTap) — 2P 12(K 16K 2y Mapan T 6)
—2P24(k1vkza77f3p7lxy")ay)—2P12(klok2p’7yv775p’7ax)+2P6(k1'kznaa"lyvﬂﬁpﬂky)
—2P 5 (k1vk 10Muangpliay) — P12tk 1 koMo ay My gr) — 2P 12k 1K 16T gy M poMan)
—P1a(k 1ok 2pyauslap) — 2P 24k 10k 20N g aplny) — 2P 12(K 1,k 2 gy pMia)
+4Ps(k 1 kMoo yplau)] -
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Classical Solutions with D-Brane Sources and

Black p-Branes

Closed string field theory action
_ g
5= [ {(@lKke) + £((0[60) + (02 0/0) + (@]D,)}.
Classical equation of motion with a D-brane source, Jp

K® 4 gdod = Jp.

Perturbative solutions:

1 1 1 1
¢_Kfmb_gka{kabomfmb}+“”

The zero-th order by P. Di Vecchia, M. Frau, |. Pesando, S. Sciuto, A.

Lerda, and R. Russo (1997).
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Higher Loop Corrections in QCD

@ M-Loop Diagrams of YM
< M-Loop Open String Diagrams with Vertex Operators

< Tree Diagrams of Closed String with M external states
@ Higher Loop Corrections to Correlators of BMN Operators

Sept. 27th, 2018
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