
Fluctuation and conservation 

• Fluctuations and the QCD phase diagram 
- bi-modal distributions 

• Baryon number conservation 2.0: 
Correcting susceptibilities from lattice QCD for global  
B, Q, S conservation 
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Volume not well controlled in heavy ion collisions 
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Baryon number cumulants measure derivatives of the EOS w.r.t chemical potential



Cumulants have been measured
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Figure 4: Ss (left panel) and ks2 (right panel) as a function of collision energy for net-proton

distributions measured in Au+Au collisions. The results are shown for central (0-5%) and periph-

eral (70-80%) collisions within 0.4 < pT (GeV/c) < 2.0 and |y| < 0.5. The error bars and caps

show statistical and systematic uncertainties, respectively. The vertical-dashed (0-5%) and dash-

dotted (70-80%) lines correspond to results from a hadron resonance gas (HRG) model 26. The

orange (0-5%) and black (70-80%) shaded bands are the results from a transport model calcula-

tion (UrQMD 33). These model calculations utilize the experimental acceptance, and incorporate

conservation laws for strong interactions, but do not include a phase transition or a critical point.

The large values of C3 and C4 for central Au+Au collisions show that the distributions have

non-Gaussian shapes, a first possible indication of enhanced fluctuations arising from a possible

critical point 15, 17. The corresponding values for peripheral collisions are small and close to zero.

For central collisions, the C1 and C3 monotonically decrease with
p

sNN, while the C2 and C4 show
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FIG. 22. (Color online) Au+Au data: E�ciency and N2LO
volume corrected proton cumulant ratios plotted as a function
of the width of the rapidity bin defined by y 2 y0 ± �y and
0.4  pt  1.6 GeV/c. Shown are ! = K2/K1 (top), �1⇥� =
K3/K2 (middle), and �2 ⇥ �2 = K4/K2 (bottom) for various
5% centrality selections. Error bars are statistical only, and
dashed lines connect the data points belonging to a given
centrality. With decreasing �y, all ratios tend towards unity
(indicated also by a horizontal line), i.e. they approach the
Poisson limit where K1 = K2 = K3 = K4.

further, curvature terms become even more important,
as shown in Fig. 24 which compares volume-corrected re-
duced proton cumulants and fits in the two rapidity bins,
y 2 y0 ± 0.2 and y 2 y0 ± 0.4. Consequently, all results
presented in the following were obtained by consistently
applying the full N2LO volume corrections.

Comparing furthermore the measured reduced proton
cumulants of Fig. 24 with their transport calculation
counterparts, as shown in Fig. 16, one can notice a quali-
tative agreement for the y 2 y0±0.2 rapidity bite. Espe-
cially the IQMD model seems to capture the basic trends
of n with Npart, including the presence of a curvature
in 2. However, in our simulations, all three codes used
(IQMD, UrQMD, and HSD) generally miss the absolute
magnitudes of n, 0

n, and 00
n. In the present study we

refrained, however, from a more detailed comparison of
our data with model calculations.

From the reduced cumulants n, the full proton cumu-
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FIG. 23. (Color online) Au+Au data: E�ciency and N2LO
volume corrected reduced proton cumulants n for the phase-
space bin y 2 y0±0.2 and 0.4  pt  1.6 GeV/c as a function
of mean Npart, using 5% centrality bins. Shown are the data
without volume correction (open triangles), with Skokov et al.
[75] correction (open circles), and with N2LO correction (solid
squares). Vertical bars are statistical errors, cups delimit full
systematic errors (shown on the N2LO corrected points only),
and horizontal bars shown in (a) correspond to the width
(±1 s.d.) of the Npart distribution in the given centrality bin.
Solid curves are N2LO fits, dashed curves are NLO fits (for
comparison), and shaded bands are the ±1 s.d. statistical
errors of the fits.

lants Kn = Npart n as well as their ratios are readily ob-
tained. Cumulant ratios are shown as a function of Npart

in Fig. 25 for rapidity bites y 2 y0± 0.2 and y 2 y0± 0.4.
In contrast to the narrow mid-rapidity bin y 2 y0 ± 0.05
(cf. Fig. 22), the deviation from the Poisson limit – where
all Kn would be equal – is blatantly apparent: Except for
the notable region around Npart = 150, cumulant ratios
at all orders di↵er strongly from unity and they display,
overall, a highly non-trivial Npart dependence. Ratios of
cumulants are intensive (although not strongly intensive)
quantities, meaning that they do not depend on the mean
source volume. They are therefore often favored when di-
rectly comparing data from di↵erent experiments, where
e.g. the selected centralities may di↵er.

B. Correlators

As pointed out in Refs. [83–85], the essential informa-
tion contained in particle number cumulants is related
to the physics of multi-particle correlations, the underly-
ing mechanism of which we hope to unravel. Indeed, the

STAR  
arXiv:2001.02852

Alternative approach:  
Look at integrated correlation functions a.k.a factorial cumulants
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energies above 19.6 GeV, the values of v2
3{2} linearly increase with the log(psNN ) for all of the four centralities.

Figure 5 right shows psNN dependence of the v2
3{2} scaled by the charged particle multiplicity per participant pair

nch,PP =
2

Npart
dNch/d⌘ for three centralities. Experimentally, the nch,PP has been measured and monotonically increase

with psNN [23], which can be related to the energy density of the system. The v2
3{2}/nch,PP shows a local minimum

around 20 GeV, which is the consequence of a relatively flat trend for v2
3{2} and monotonically increasing trend for the

nch,PP in the energy range 7.7 <psNN< 20 GeV. Physics wise, the v2
3{2}/nch,PP should reflect the ability of the system

to convert the initial geometry fluctuations to the final state. Thus, the local minimum in v2
3{2}/nch,PP could indicate

an anomalous low pressure inside the matter created in the collisions near psNN=20 GeV, where a minimum is also
observed for the slope of net-proton directed flow. Apparently, these observations can be interpreted by softening of
equation-of-state due to presence of the first order phase transition. However, conclusions only can be made after
carrying out careful theoretical and model studies for the dynamical evolution of the system including the physics of
first order phase transition at finite µB.

2.5. Net-proton number fluctuations
Fluctuations of conserved quantities, such as baryon (B), charge (Q) and strangeness (S) numbers, have been

proposed as a sensitive probe to search for the signature of the QCD critical point in heavy-ion collisions [24]. These
fluctuations are sensitive to the correlation length (⇠) [24] and can be directly connected to the susceptibility of the
system computed in theoretical calculations, such as Lattice QCD [25, 26, 27] and HRG models [28]. The STAR
experiment has measured various order fluctuations of net-proton (Np � Np̄, proxy for net-baryon), net-charge and
net-kaon (proxy for net-strangeness) numbers in the Au+Au collisons at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 and
200 GeV [29, 30, 31].
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Figure 6. (Color online) Left: Energy dependence of �2 of net-proton distributions and Middle: S� divided by Skellam (Poisson) expeca-
tions for 0-5%, 5-10% and 70-80% centralities of Au+Au collisions at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4, 200 GeV measured by STAR.
The experimental data is compared with Poisson expectations (dashed lines) and the UrQMD transport model calculations (shade bands ). The
statistic and systematic errors are plotted as vertical bar and brackets, respectively. Right: A schematic sketch for theoretically predicted neg-
ative(red)/positive(blue) critical contribution regions for �2 near the QCD critical point and possible chemical freeze-out regions for Au+Au
collisions 14.5 (green), 16.5 (purple) and 19.6 GeV (black).

Figure 6 left shows the e�ciency corrected �2 of net-proton distributions as a function of psNN for 0-5%, 5-10%
and 70-80% centralities of Au+Au collisions measured by STAR [31, 32]. The protons and anti-protons numbers
are measured with transverse momentum 0.4 < pT < 2 GeV/c and at mid-rapidity |y| < 0.5. The �2 shows a clear
non-monotonic variation with psNN for 0-5% centrality with a minimum around 20 GeV. Above 39 GeV, the values of
�2 are close to the unity for both central and peripheral collisions and deviate significantly below unity for the 0-5%
most central collisions at 19.6 and 27 GeV, then become above unity at 0-5% centrality in the energies below 19.6
GeV. Another intriguing structure observed in psNN dependence for the �2 of net-proton distributions in Au+Au
collisons is the so called ”Oscillation”. Namely, the oscillation is a structure that represents two observations, the so

6

Xiaofeng Luo / Nuclear Physics A 00 (2016) 1–9 6

energies above 19.6 GeV, the values of v2
3{2} linearly increase with the log(psNN ) for all of the four centralities.

Figure 5 right shows psNN dependence of the v2
3{2} scaled by the charged particle multiplicity per participant pair

nch,PP =
2

Npart
dNch/d⌘ for three centralities. Experimentally, the nch,PP has been measured and monotonically increase

with psNN [23], which can be related to the energy density of the system. The v2
3{2}/nch,PP shows a local minimum

around 20 GeV, which is the consequence of a relatively flat trend for v2
3{2} and monotonically increasing trend for the

nch,PP in the energy range 7.7 <psNN< 20 GeV. Physics wise, the v2
3{2}/nch,PP should reflect the ability of the system

to convert the initial geometry fluctuations to the final state. Thus, the local minimum in v2
3{2}/nch,PP could indicate

an anomalous low pressure inside the matter created in the collisions near psNN=20 GeV, where a minimum is also
observed for the slope of net-proton directed flow. Apparently, these observations can be interpreted by softening of
equation-of-state due to presence of the first order phase transition. However, conclusions only can be made after
carrying out careful theoretical and model studies for the dynamical evolution of the system including the physics of
first order phase transition at finite µB.

2.5. Net-proton number fluctuations
Fluctuations of conserved quantities, such as baryon (B), charge (Q) and strangeness (S) numbers, have been

proposed as a sensitive probe to search for the signature of the QCD critical point in heavy-ion collisions [24]. These
fluctuations are sensitive to the correlation length (⇠) [24] and can be directly connected to the susceptibility of the
system computed in theoretical calculations, such as Lattice QCD [25, 26, 27] and HRG models [28]. The STAR
experiment has measured various order fluctuations of net-proton (Np � Np̄, proxy for net-baryon), net-charge and
net-kaon (proxy for net-strangeness) numbers in the Au+Au collisons at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 and
200 GeV [29, 30, 31].

 (GeV)NNs
6 10 20 100 200

2
σ κ

0

1

2

3

4 <2 (GeV/c),|y|<0.5
T

0.4<p

0-5%
5-10%
70-80%

UrQMD, 0-5%

Au+Au : Net-proton

STAR Preliminary

Au+Au : 0-5%

Net-proton

<2 (GeV/c),|y|<0.5
T

0.4<p

STAR data

AMPT

UrQMD

 (GeV)NNs
6 10 20 100 200

0.6

0.8

1.0

1.2

<2 (GeV/c),|y|<0.5
T

0.4<p

0-5%

5-10%

70-80%

/S
ke

lla
m

σ
S 

0-5%
5-10%
70-80%

UrQMD, 0-5%

Au+Au : Net-proton
<2 (GeV/c),|y|<0.5

T
0.4<p

STAR Preliminary

Au+Au : 0-5%

Net-proton

<2 (GeV/c),|y|<0.5
T

0.4<p

STAR data

AMPT

UrQMD

16.5 GeV

Figure 6. (Color online) Left: Energy dependence of �2 of net-proton distributions and Middle: S� divided by Skellam (Poisson) expeca-
tions for 0-5%, 5-10% and 70-80% centralities of Au+Au collisions at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4, 200 GeV measured by STAR.
The experimental data is compared with Poisson expectations (dashed lines) and the UrQMD transport model calculations (shade bands ). The
statistic and systematic errors are plotted as vertical bar and brackets, respectively. Right: A schematic sketch for theoretically predicted neg-
ative(red)/positive(blue) critical contribution regions for �2 near the QCD critical point and possible chemical freeze-out regions for Au+Au
collisions 14.5 (green), 16.5 (purple) and 19.6 GeV (black).

Figure 6 left shows the e�ciency corrected �2 of net-proton distributions as a function of psNN for 0-5%, 5-10%
and 70-80% centralities of Au+Au collisions measured by STAR [31, 32]. The protons and anti-protons numbers
are measured with transverse momentum 0.4 < pT < 2 GeV/c and at mid-rapidity |y| < 0.5. The �2 shows a clear
non-monotonic variation with psNN for 0-5% centrality with a minimum around 20 GeV. Above 39 GeV, the values of
�2 are close to the unity for both central and peripheral collisions and deviate significantly below unity for the 0-5%
most central collisions at 19.6 and 27 GeV, then become above unity at 0-5% centrality in the energies below 19.6
GeV. Another intriguing structure observed in psNN dependence for the �2 of net-proton distributions in Au+Au
collisons is the so called ”Oscillation”. Namely, the oscillation is a structure that represents two observations, the so

6

Latest STAR result on net-proton 
cumulants

5

K4

K2

“Baseline”

K4/K2 above baseline K3/K2 below baseline

X. Luo, NPA 956 (2016) 75

K3/K2

Skellam

“Baseline”



Shape of probability distribution 
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Simple two component model
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Weight of small component: ~0.3%

6

FIG. 1. The multiplicity distribution P (N) at
p
s = 7.7 GeV in the two component model given by Eq. 1

constructed with (a) e�ciency unfolded values for hNi, C3 and C4 and (b) with imposed e�ciency of 0.65.

and the cumulant
5
ratios read (CHECK PLEASE) (VK: I get for the

Cumulants {K1 . . .K6 = {40., 36.15, 18.45, 123.05,�1212.75, 11295.7} So I get K5/K2 ⇡ �34
K6/K2 ⇡ �312. I am happy to round this but then we should do this also in the

footnote where we explore the error ranger. Coe�cients in footnote are correct )

K5/K2 ⇡ �30,

K6/K2 ⇡ 300. (15)

It is worth noting that C6/C5 ⇡ C5/C4 ⇡ C4/C3 in agreement with the discussion presented in the
previous Section. We note that the resulting C2 ⇡ �3.85 is slightly more negative than the data.
However, as pointed out, e.g., in [45], the second order factorial cumulant receives sizable positive
contribution from participant fluctuations �C2 ' 2 � 3 whereas the correction to C3 and C4 are
small. In view of the sizable errors in the preliminary STAR data we consider the present fit as
satisfactory.

The resulting probability distribution, P (N), Eq. (1), is shown in the left panel of Fig. 1. Even
though the component centered at N ⇠ 25 has a very small probability ↵ ⇠ 0.3% it gives rise
to a shoulder at low N which should be visible in the multiplicity distribution. However, this
would require an unfolding of the measured distribution [27] in order to remove the e↵ect of a
finite detection e�ciency. Assuming a binomial model for the e�ciency with a constant detection
probability of ✏ = 0.65, which roughly corresponds to that of the STAR measurement, the observed
multiplicity distribution of the two component model is shown in the right panel of Fig. 1. In this
case the small component ⇠ ↵ is barely visible. This observation is consistent with the fact that
the e�ciency uncorrected cumulants measured by STAR are more or less consistent with a Poisson
(or binomial to be more precise) expectation.

(VK: why not the centrality dependence? ) I think we should add a few

sentences about centrality but we need to be careful about this

sudden jump of C3 in 5-10%. The STAR data is not really good

for a quantitative discussion... (VK: Maybe we can just mumble about the

fact that C3 is already very small at larger centrality and thus the whole approach is

questionable...? )

5 K2 = hNi + C2, K5 = hNi + 15C2 + 25C3 + 10C4 + C5 and K6 = hNi +
31C2 + 90C3 + 65C4 + 15C5 + C6.



Two component model
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after 10-20 fm/c). These features a↵ect possible signals of a phase transition. For example, there
may not be su�cient time for the correlation length to grow significantly near the critical point or
for nucleation, which is also a comparatively slow process, to occur. On the other hand phenom-
ena like spinodal decomposition, i.e., the rapid phase separation due to instabilities at the phase
transition, can occur leading to an increase in density fluctuations. Further complications arise
from the fact that the system is relatively small and therefore e↵ects of the global conservation
of the various conserved charges cannot be neglected. In addition, as the system rapidly drops
out of equilibrium, other e↵ects like resonance decays, thermal smearing as well as experimental
acceptance and e�ciency corrections may blur the signal [26–38].

Published data on the net-proton number fluctuations (which, with reasonable model assump-
tions, can be related to the net-baryon fluctuations [39, 40]) only exist from the STAR collaboration
[38] and for a limited acceptance. The published data (|y| < 0.5 and 0.4 < pt < 0.8 GeV) are
consistent with uncorrelated proton production and the trivial correlations from global baron con-
servation [31]. On the other hand preliminary data from the STAR collaborations with a larger
acceptance (0.4 < pt < 2 GeV) [41, 42] show a significant deviation from uncorrelated proton pro-
duction for collision energies

p
s  11GeV. The preliminary data consistently show an increase of

the fourth order cumulant and a decrease of the third order cumulant with respect to uncorrelated
production. The experiments provide the measured cumulants of the net-proton number distribu-
tions and not the actual multi-particle correlation functions. However, the integrated n-particle
correlation functions (factorial cumulants) can be extracted from the measured cumulants [43]
and they indeed show an interesting beam energy dependence. In particular, the integrated four
particle correlations at the lowest beam energy accessible to STAR,

p
s = 7.7GeV are very large,

about three orders of magnitude larger than a basic Glauber model (incorporating the number
of wounded nucleons [44] fluctuations) combined with baryon number conservation would predict
[45]. The challenge now is to unambiguously connect the measured correlations to physical e↵ects
from a critical point or first order phase transition.

In this paper we will investigate how one can construct the underlying proton multiplicity
distribution functions only from the measured cumulants and discuss possible physics implications
from our findings. Especially we will explore whether one can construct a multiplicity distribution
with large factorial cumulants (as measured by STAR) or integrated correlation functions from the
superposition of two multiplicity distributions characterized by small factorial cumulants.

We will assume that the multiplicity distribution is obtained as a result of up to two independent
distributions where only one distribution contributes, with a certain probability, to the proton
multiplicity of a single event. Then we will discuss the measured factorial cumulants from the STAR
experiment in the context of our constructed multiplicity distributions. Possible interpretations
in terms of phase transition physics and ’non-physics’ background will be given. Furthermore
we will propose further experimental studies which will help to better understand the origin of
experimentally measured large correlations.

II. TWO EVENTS CLASSES

Let us consider the situation where we have two di↵erent types (or classes) of events, denoted
by (a) and (b). Let us denote the probability that an event belongs to class (a) by (1� ↵) and to
class (b) by ↵ with ↵  1. In this case the probability to find N particles or protons is given by

P (N) = (1� ↵)P(a)(N) + ↵P(b)(N), (1)

where P(a)(N) and P(b)(N) are multiplicity distributions governing the event classes (a) and (b)
respectively. As we shall show, the combined distribution, Eq. (1), can exhibit very large factorial

as seen by STAR ( i.e. “infinite” correlation length)

Clear and falsifiable prediction: 

C4
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=

C5

C4
=

Cn+1

Cn
= �N̄
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Cn : Factoral cumulant



Hades see similar trend 
(arXiv:2002.08701)
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Caveat: rather significant Npart fluctuations to be corrected for
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FIG. 28. (Color online) Au+Au data: E�ciency and N2LO
volume corrected proton correlators Cn as a function of the
mean number of protons hNpi within the selected phase-space
bin, y 2 y0 ± �y (�y = 0.1, . . . , 0.5) and 0.4  pt 
1.6 GeV/c, and for eight centrality selections. Error bars
on data are statistical, cups delimit systematic uncertainties
(shown, for clarity, only on the 0 – 5% selection). Black
dashed lines connect the data points in a given centrality se-
lection and red solid curves are power-law fits Cn / hNpi↵.
Only a few of the fit curves are actually presented, however
all adjusted values of parameter ↵ are listed in Table III.

would lead to large values of the combined Cn. It is there-
fore very important to put limits on possible instrumen-
tal origins of such a contaminant, as we have discussed
in Sec. II (see in particular Table I).

At higher energies a beam energy scan has been con-
ducted by the STAR collaboration at RHIC for

p
sNN =

7.7 – 200 GeV and net-proton number fluctuations have
been analyzed and published [25–27, 30, 33]. In Fig. 29
we extend the STAR systematics of net-proton cumu-
lant ratios �1 ⇥ � and �2 ⇥ �2 with our low-energy point
at

p
sNN = 2.4 GeV. The STAR analysis was done for

all beam energies in the rapidity range covered by their
TPC and time-of-flight detector, i.e. y 2 y0 ± 0.5. It is
not at all clear how the interplay between fluctuation sig-
nals from the central fireball and from spectator matter
changes with energy, and how this a↵ects the measure-
ments in rapidity intervals of a given size, in particular
at low beam energies where the proton rapidity distri-
bution is more bell shaped and much narrower than at
RHIC energies. Therefore, we present the comparison
with HADES data for two choices of the rapidity bite:
y 2 y0 ± 0.2 and y 2 y0 ± 0.4. We prefer ±0.4 over
the ±0.5 choice because of justified fears that the latter,
larger range contains sizable contributions from spectator

TABLE III. Results of the power-law fits to the proton corre-
lators shown in Fig. 28 using Cn / hNpi↵. The fit parameter
↵ and its statistical error are listed for 5% centrality selec-
tions. The few instances where the fit did not converge to
a meaningful result are indicated by a dash. Systematic er-
rors on ↵ are small, typically smaller than the statistical error
listed.

Centrality ↵[C2] ↵[C3] ↵[C4]

0 - 5% 1.86± 0.04 2.84± 0.05 3.89± 0.14

5 - 10% 1.85± 0.04 2.85± 0.05 3.75± 0.13

10 - 15% 1.84± 0.05 2.80± 0.06 3.66± 0.14

15 - 20% 1.82± 0.07 2.83± 0.09 3.72± 0.22

20 - 25% 1.78± 0.09 2.95± 0.15 4.11± 0.44

25 - 30% 1.67± 0.10 3.44± 0.40 4.46± 0.82

30 - 35% 1.59± 0.10 - 4.76± 1.36

35 - 40% 1.55± 0.11 - -

matter.

Note, finally, that the proton number cumulants as well
as their ratios are expected to be a↵ected by baryon-
number conservation e↵ects [91–93]. Such e↵ects have
indeed been observed in LHC data [76, 92] as devi-
ations from the Skellam distribution expected in the
grand canonical limit. Introducing an acceptance fac-
tor a = hNpi/hNBi as the ratio of the mean number
of protons accepted in a given phase-space bin and the
corresponding total number of baryons, the authors of
[92] could express the constraint of baryon-number con-
servation on the particle cumulants as function of a. In
the low-energy regime, where the number of antibaryons
drops to zero, the expected deviations of the cumulant ra-
tios from the pure Poisson baseline, due to global baryon-
number conservation, are then given by

K2/K1 =1� a ,

K3/K2 =1� 2a ,

K4/K2 =1� 6a(1� a) .

All three ratios are reduced by canonical suppression,
and our proton data, where a in the most central bin is
between about 0.023 (for y 2 y0 ± 0.2) and 0.051 (for
y 2 y0 ± 0.5), may be a↵ected accordingly. This, as well
as similar constraints due to electric charge conservation
will have to be accounted for in future model calculations.
The direct e↵ect of baryon-number conservation on the
particle correlators Cn has been discussed in [84] where
it was found to display a scaling behavior very di↵erent
from the one observed in Fig. 28.
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volume corrected proton correlators Cn as a function of the
mean number of protons hNpi within the selected phase-space
bin, y 2 y0 ± �y (�y = 0.1, . . . , 0.5) and 0.4  pt 
1.6 GeV/c, and for eight centrality selections. Error bars
on data are statistical, cups delimit systematic uncertainties
(shown, for clarity, only on the 0 – 5% selection). Black
dashed lines connect the data points in a given centrality se-
lection and red solid curves are power-law fits Cn / hNpi↵.
Only a few of the fit curves are actually presented, however
all adjusted values of parameter ↵ are listed in Table III.

would lead to large values of the combined Cn. It is there-
fore very important to put limits on possible instrumen-
tal origins of such a contaminant, as we have discussed
in Sec. II (see in particular Table I).

At higher energies a beam energy scan has been con-
ducted by the STAR collaboration at RHIC for

p
sNN =

7.7 – 200 GeV and net-proton number fluctuations have
been analyzed and published [25–27, 30, 33]. In Fig. 29
we extend the STAR systematics of net-proton cumu-
lant ratios �1 ⇥ � and �2 ⇥ �2 with our low-energy point
at

p
sNN = 2.4 GeV. The STAR analysis was done for

all beam energies in the rapidity range covered by their
TPC and time-of-flight detector, i.e. y 2 y0 ± 0.5. It is
not at all clear how the interplay between fluctuation sig-
nals from the central fireball and from spectator matter
changes with energy, and how this a↵ects the measure-
ments in rapidity intervals of a given size, in particular
at low beam energies where the proton rapidity distri-
bution is more bell shaped and much narrower than at
RHIC energies. Therefore, we present the comparison
with HADES data for two choices of the rapidity bite:
y 2 y0 ± 0.2 and y 2 y0 ± 0.4. We prefer ±0.4 over
the ±0.5 choice because of justified fears that the latter,
larger range contains sizable contributions from spectator

TABLE III. Results of the power-law fits to the proton corre-
lators shown in Fig. 28 using Cn / hNpi↵. The fit parameter
↵ and its statistical error are listed for 5% centrality selec-
tions. The few instances where the fit did not converge to
a meaningful result are indicated by a dash. Systematic er-
rors on ↵ are small, typically smaller than the statistical error
listed.

Centrality ↵[C2] ↵[C3] ↵[C4]

0 - 5% 1.86± 0.04 2.84± 0.05 3.89± 0.14

5 - 10% 1.85± 0.04 2.85± 0.05 3.75± 0.13

10 - 15% 1.84± 0.05 2.80± 0.06 3.66± 0.14

15 - 20% 1.82± 0.07 2.83± 0.09 3.72± 0.22

20 - 25% 1.78± 0.09 2.95± 0.15 4.11± 0.44

25 - 30% 1.67± 0.10 3.44± 0.40 4.46± 0.82

30 - 35% 1.59± 0.10 - 4.76± 1.36

35 - 40% 1.55± 0.11 - -

matter.

Note, finally, that the proton number cumulants as well
as their ratios are expected to be a↵ected by baryon-
number conservation e↵ects [91–93]. Such e↵ects have
indeed been observed in LHC data [76, 92] as devi-
ations from the Skellam distribution expected in the
grand canonical limit. Introducing an acceptance fac-
tor a = hNpi/hNBi as the ratio of the mean number
of protons accepted in a given phase-space bin and the
corresponding total number of baryons, the authors of
[92] could express the constraint of baryon-number con-
servation on the particle cumulants as function of a. In
the low-energy regime, where the number of antibaryons
drops to zero, the expected deviations of the cumulant ra-
tios from the pure Poisson baseline, due to global baryon-
number conservation, are then given by

K2/K1 =1� a ,

K3/K2 =1� 2a ,

K4/K2 =1� 6a(1� a) .

All three ratios are reduced by canonical suppression,
and our proton data, where a in the most central bin is
between about 0.023 (for y 2 y0 ± 0.2) and 0.051 (for
y 2 y0 ± 0.5), may be a↵ected accordingly. This, as well
as similar constraints due to electric charge conservation
will have to be accounted for in future model calculations.
The direct e↵ect of baryon-number conservation on the
particle correlators Cn has been discussed in [84] where
it was found to display a scaling behavior very di↵erent
from the one observed in Fig. 28.
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Multiplicity distribution @ 7.7 GeV
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           NO efficiency corrections!

Now we need to figure out what this means…. 

First question: How does it look in the revised data?



Baryon number conservation and 
lattice susceptibilities

• Charges (baryon number, strangeness, electric charge) are 
conserved globally in HI collisions 

• Lattice (and most other calculations) work in the grand canonical 
ensemble: charges may fluctuate 

• Effect of charge conservation have been calculated in the  
ideal gas/HRG limit. NON-neglibile corrections especially for 
higher order cumulants 
(Bzdak et al 2013, Rustamov et al. 2017,…) 

• Wouldn’t it be nice to know what  
the effect of charge conservation on  
real QCD (aka lattice) susceptibilities 
is?

11

A. BZDAK, V. KOCH, AND V. SKOKOV PHYSICAL REVIEW C 87, 014901 (2013)

FIG. 1. (Color online) Ratios of odd- and even-order cumulants
as a function of the fraction of measured baryons, p. The parameters
are B = 300, ⟨NB⟩ = 400, and ⟨NB̄⟩ = 100.

As already mentioned, the ratios of the odd-order cumulants
depend only on p. This allows us to construct the following
combination:

D = R5,1 − R3,1
!
1 − 3

4 (1 + γ )(3 − γ )
"
, (18)

such that D = 0 for the baryon-conservation-corrected dis-
tribution PB(n), Eq. (7), for any values of p, z, and B. Here,
γ = ±

#
1 + 8R3,1. The upper (lower) sign should be taken for

p < 3/4 (p > 3/4).8 Also, D = 0 for the Skellam distribution.

8For an analysis of experimental data, the case with p < 3/4 should
be considered.

FIG. 2. (Color online) Ratios of odd- and even-order cumulants
as a function of the fraction of measured baryons, p, in the range of
values which are of experiment interest. The parameters are B = 300,
⟨NB⟩ = 400, and ⟨NB̄⟩ = 100.

Therefore, a deviation of D from zero may indicate physics
that is not related to global baryon conservation.

IV. DISCUSSION AND COMMENTS

Several comments are in order regarding our results
obtained in the previous sections:

(i) The distribution (7) depends on z =
√

⟨NB⟩⟨NB̄⟩,
where ⟨NB⟩ (⟨NB̄⟩) is the total baryon (antibaryon)
number present in the Skellam distributions (1) and
(2). Thus, ⟨NB⟩ (⟨NB̄⟩) is related to the system without
baryon conservation. It is natural to expect that baryon
conservation will modify ⟨NB⟩ (⟨NB̄⟩); however, as we
argue below this correction is negligible. A straightfor-
ward calculation gives

⟨NB,B̄⟩C = z
IB∓1(2z)
IB(2z)

, (19)

where the upper (lower) sign corresponds to ⟨NB⟩C
(⟨NB̄⟩C), with ⟨NB⟩C − ⟨NB̄⟩C = B. Here the subscript
⟨·⟩C refers to averages obtained with full baryon number
conservation. Under the constraint ⟨NB⟩ − ⟨NB̄⟩ = B,
one can express z in terms of ⟨NB,B̄⟩C, and to a very
good approximation we find

z ≈
#

⟨NB⟩C⟨NB̄⟩C. (20)

Using the properties of the modified Bessel functions,
one can show that corrections to Eq. (20) are important
only if both B and ⟨NB⟩C⟨NB̄⟩C simultaneously assume
a value of the order of one or smaller. This is never
the case in heavy-ion collisions. Relation (20) together
with the requirement that ⟨NB⟩ − ⟨NB̄⟩ = B ensures
that ⟨NB⟩ ≈ ⟨NB⟩C and ⟨NB̄⟩ ≈ ⟨NB̄⟩C to very good
precision. The same identities also hold if we only
consider protons. Therefore, the formalism developed
in the previous section is of a great phenomenological
value since it allows us to calculate the effect of baryon
number conservation on the probability distribution and
its cumulants given experimentally determined average
yields.

(ii) We have shown that the odd-order cumulants do not
depend on ⟨NB,B̄⟩; their ratios are independent of B
and uniquely defined by one parameter, the fraction
of observed baryons (protons), p. This turns out to be
very useful for the phenomenological analysis of exper-
imental data. For example, chiral model calculations at
nonzero baryon densities show that both R3,1 and R5,1
are nontrivial functions of temperature and chemical
potential close to the crossover and the CEP. This is
demonstrated in Fig. 3, where we present the results
obtained in the Polyakov loop-extended quark-meson
model [17] for R3,1 and R5,1. We also show the new
observable D [see Eq. (18)], which exhibits strong,
temperature-dependent deviations from the baseline of
D = 0, even for temperatures below the pseudo-critical
one, T < Tpc. Therefore, effects due to a possible phase
transition should be accessible in experiment via an
analysis of this new observable D.

014901-4

This can actually be done!

V. Vovchenko,  O. Savchuk, R. Poberezhnyuk, M. Gorenstein, V.K., arXiv 2003.13905,  

V. Vovchenko,  R. Poberezhnyuk, V.K., arXiv:2007.03850



Subensemble acceptance method  
(SAM) 

12

Partition a thermal system with a globally conserved charge B (canonical 
ensemble) into two subsystems which can exchange the charge

The canonical partition function then reads:

The probability to have charge B1 in V1 is:

V = V1 + V2

Assume thermodynamic limit: 

V, V1, V2 → ∞; V1
V

= α = co n st; V2
V

= (1 − α) = co n st;
V1, V2 ≫ ξ3 ξ = co rrelatio n len gth

Zce(T, V, B) = ∑
B1

Zce(T, V1, B1)Zce(T, V − V1, B − B1)

P(B1) ∼Zce(T, αV, B1)Zce(T, (1 − α)V, B − B1), α ≡V1/V
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In the thermodynamic limit, ,  expressed through free energy 
density

# → ∞ $%&

Cumulant generating function for B1:

All  can be calculated by determining the t-dependent first cumulant   '(
~'1[)1(*)]

or

Cumulants of B1:

Subensemble acceptance method  
(SAM) 



)1/#
⟨)1(*)⟩

Making the connection…

14

Thermodynamic limit:  highly peaked at 
~+()1; *) ⟨)1(*)⟩

 is a solution to equation  / d  = 0:⟨)1(*)⟩ ,~+ )1

t = 0: , , i.e. conserved charge uniformly 
distributed between the two subsystems
-)1

= -)2
= )/# )1 = .)

where



Second order cumulant

15

(*)

Solve the equation for :~'2

t = 0:

Higher-order cumulants: iteratively differentiate  w.r.t. t~'2



Full result up to sixth order
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– grand-canonical susceptibilities e.g from Lattice QCD!!

Details:  Vovchenko, et al. arXiv:2003.13905

β = 1 − α



Cumulant ratios

17

Some common cumulant ratios: 

scaled variance

skewness

kurtosis

• Global conservation ( ) and equation of state ( ) effects factorize in cumulants up to the 3rd 
order, starting from  not anymore 

•  : Grand canonical limit 

• : canonical limit 

• :  recover known results for ideal gas

. 0)
(

'4
. → 0
. → 1
χ2n = < N > + < N̄ > ; χ2n + 1 = < N > − < N̄ >



Net baryon fluctuations at LHC and 
top RHIC (µB=0)
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Lattice data for  and  from Borsanyi et al., 1805.04445 0)
4 /0)

2 0)
6 /0)

2

For  difficult to distinguish effects of the EoS and baryon conservation in , 
 is a sweet spot where measurements are mainly sensitive to the EoS

. > 0.2 0)
6 /0)

2
. ≤0.1

Estimates:  corresponds to  at LHC (RHIC). ≈0.1 Δ23%% ≈2(1)



Multiple conserved charges 
(Vovchenko, R.Poberezhnyuk, V.K, arXiv:2007.03850)
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Figure 1. Dependence of combinations of second order cumulants of conserved charges on the acceptance fraction ↵, as
calculated in the hadron resonance gas model using canonical ensemble Monte Carlo sampler (symbols) and analytically in
the framework of the subensemble acceptance method (lines). The Monte Carlo calculation contains 108 events. Left panel:
Diagonal cumulants of net-baryon (black), net-charge (blue), and net-strangeness (red) numbers scaled by a factor ↵�V T 3,
yielding the grand-canonical susceptibilities in the SAM [Eq. (40)]. Here � ⌘ 1 � ↵. Right panel: O↵-diagonal to diagonal
conserved charge cumulant ratios BQ

11 /B
2 (black), QS

11 /S
2 (blue), and BS

11 /S
2 (red).

C. Third order cumulants of conserved charges

Let us consider now third order cumulants. First we analyze the so-called skewness ratio 
X
3 /

X
2 for X = B,Q, S.

The skewness is a non-Gaussian fluctuation measure that characterizes the asymmetry of a distribution around the
mean value. The signs of the skewness of QCD conserved charges are thought to be sensitive probes of the QCD
phase structure [60]. The SAM predicts that the skewness 

X
3 /

X
2 scaled by (1 � 2↵) is independent of acceptance

and coincides with the skewness �X
3 /�

X
2 evaluated in the grand canonical ensemble.

The left panel of Fig. 2 depicts the ratios (X
3 /

X
2 )/(1 � 2↵) for baryon number, electric charge, and strangeness

evaluated using the Monte Carlo event generator. The Monte Carlo results are consistent with (X
3 /

X
2 )/(1 � 2↵)

being independent on ↵ and coincide with the grand canonical (�X
3 /�

X
2 ) susceptibility ratios.

In addition, the SAM predicts that any ratio of two third order cumulants of conserved charges is insensitive to
global conservation laws. This follows from Eq. (41). The right panel of Fig. 2 depicts the ↵-dependence of cumulant
ratios B

3 /
Q
3 , 

QS
21 /

S
3 , and 

BS
12 /

S
3 , as calculated within the Monte Carlo event generator (symbols) and within the

SAM using the grand canonical susceptiblities. The Monte Carlo calculations are consistent with the ↵-independence
of all these ratios, and in agreement with the grand canonical baseline, as predicted by the SAM. The statistical
errors in the Monte Carlo calculations become large in the vicinity of ↵ = 1/2, as clearly seen in Fig. 2. This is a
consequence of the fact that third order cumulants vanish at ↵ = 1/2, as follows from Eq. (41). A ratio of third
order cumulants in the vicinity of ↵ = 1/2 corresponds to a ratio of two small numbers, hence the large statistical
uncertainties. As a consequence, it would be advisable to perform experimental analysis of third order cumulants in
acceptances away from ↵ = 1/2.

D. Fourth order cumulants of conserved charges

We turn now to fourth order cumulants. An interesting new aspect here is that fourth order cumulants are
determined not only by the corresponding fourth order GCE susceptibilities but also by second and third order mixed
susceptibilities, as seen from Eqs. (42) [see also Eq. (55)]. The HRG model analysis allows to estimate the importance
of these mixed susceptibilities with regard to the behavior of fourth order cumulants in a finite acceptance.

We shall analyze here the fourth-to-second order ratios 
X
4 /

X
2 of diagonal cumulants for X = B,Q, S – the so-

called kurtosis of a conserved charge distribution. The kurtosis of the baryon number in a subvolume V1 = ↵V is

Key findings: 
• Ratios of second and third order cumulants  
   are NOT sensitive to charge conservation 

• This is also true for so called “strongly 
       intensive quantities” 

• Requires that acceptance fraction  
      is the same for both particles (or Q and S)

α

• For order n>3 charge cumulants “mix”. 
   Effect in HRG is tiny
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Here i1, . . . , i6 = 1, . . . , N in all of the above equations. The notation
P

�2SM
corresponds to a sum over all M!

permutations of a set (1, . . . ,M). �i is the ith element of the permutation �. In Appendix B we provide an example
of a detailed calculation of a fourth order cumulant using Eq. (42). This example is useful for understanding the
notation entering Eqs. (39)-(44). A Mathematica notebook to express cumulants in Eqs. (39)-(44) in terms of the
susceptibilities using the QCD notation (2) is available via [47].

It follows from Eq. (42) that global conservation e↵ects generally a↵ect di↵erent fourth order cumulants in a di↵erent
way. In contrast to the cumulants of lower order, the global conservation e↵ects do not cancel in ratios of fourth order
cumulants. An exception to this are vanishing chemical potentials, µ̂ = 0, where �̂ijk = 0 for all i, j, k and where only
the first term in the r.h.s of (42) is non-zero. The fifth order cumulants (43) have a structure similar to the fourth
order cumulants. Thus, at µ̂ = 0 the e↵ects of global conservation cancel in any ratio of any two four order and any
two five order cumulants. The sixth order cumulants (44) have a considerably more involved structure.

F. Conserved charges in QCD

1. Single conserved charge B

Let us consider the case of a single conserved charge – the baryon number B. Then Q̂ = (B), N = 1 and
�̂i1,...,iM = �

B
M , i.e. all in = 1. Using the results of the preceding three subsections we can write the cumulants of

baryon number B1 inside a subvolume explicitly:

1[B
1] = ↵V T

3
�
B
1 (45)

2[B
1] = ↵V T

3
��

B
2 (46)

3[B
1] = ↵V T

3
�(1� 2↵)�B

3 (47)

4[B
1] = ↵V T

3
�


(1� 3↵�)�B

4 � 3↵�
(�B

3 )
2

�
B
2

�
(48)

5[B
1] = ↵V T

3
�(1� 2↵)


(1� 2↵�)�B

5 � 10↵�
�
B
3 �

B
4

�
B
2

�
(49)

6[B
1] = ↵V T

3
�

⇢
[1� 5↵�(1� ↵�)]�B

6 + 45↵2
�
2 (�

B
3 )

2
�
B
4

(�B
2 )

2
� 15↵2

�
2 (�

B
3 )

4

(�B
2 )

3

� 10↵�(1� 2↵)2
(�B

4 )
2

�
B
2

� 15 ↵�(1� 3↵�)
�
B
3 �

B
5

�
B
2

�
. (50)

These expressions reproduce the results of Ref. [1], where the SAM was originally formulated for the case of a single
conserved charge.

2. Two conserved charges B and Q

In a case of two conserved charges, say baryon number B and electric charge Q, we have Q̂ = (B,Q) and N = 2.
Here we would like to illustrate how the cumulants of baryon number are a↵ected by the presence of exact conservation
of other conserved charges. First, we note that, following Eqs. (39), (40), and (41), the first three cumulants of baryon
number B

1 have the same expression in the case of a single charge, i.e. they are una↵ected by the presence of the
conserved electric charge Q (or any other additional exactly conserved quantity).

To evaluate the fourth order cumulant, 4[B1] [Eq. (42)], we need to compute the convolution in the second term
of the r.h.s. of Eq. (42), making use of the inverse matrix of second order susceptibilities. Appendix B provides the
details of this calculation. The result is

4[B
1] = ↵V T

3
�

"
(1� 3↵�)�B

4 � 3↵�
(�B

3 )
2
�
Q
2 � 2�BQ

21 �
BQ
11 �

B
3 + (�BQ

21 )2�B
2

�
B
2 �

Q
2 � (�BQ

11 )2

#
. (51)

It is evident from Eq. (51) that the presence of a conserved electric charge influences the fourth order baryon number
cumulant if there are baryon-electric charge correlations in the underlying equation of state. This implies corrections
to the relation (48) derived in Ref. [1] for a system with a single conserved charge. To elucidate these corrections we
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Figure 3. Dependence of kurtosis cumulant ratios 4/2 of of net-baryon (black), net-charge (blue), and net-strangeness (red)
numbers on the acceptance fraction ↵, as calculated in the hadron resonance gas model using the canonical ensemble Monte
Carlo sampler with 108 events (symbols) and analytically in the framework of the subensemble acceptance method (solid lines).
The dashed lines depict SAM calculations for a single conserved charge [Eq. (90)]. The Monte Carlo sample is the same as in
Fig. 1.

second order cumulants involving net-proton, net-kaon, and net-charge numbers. This is in part motivated by recent
experimental e↵orts of the STAR collaboration in measuring these quantities [15]. While the net electric charge is
globally conserved, the net proton and net kaon numbers do fluctuate even in the full acceptance.

As follows from the results of Sec. II H, a correlation of a non-conserved quantity with a conserved charge is
a↵ected by the global conservation laws by the same factor (1 � ↵) as all second order cumulants of conserved
charges. The implication is that measurable ratios such as 

pQ
11 /

Q
2 and 

kQ
11 /

Q
2 are expected to be una↵ected by

the global conservation laws and coincide with the corresponding ratios �pQ
11 /�

Q
2 and �

kQ
11 /�

Q
2 of the grand canonical

susceptibilities.
The grand canonical susceptibilities can be evaluated in the HRG model. Extra care should be taken to account for

the large feeddown from decays of resonances to final yields of protons and kaons. The grand canonical fluctuations
and correlations of final particle numbers after resonance decays in HRG have been worked out in Refs. [36, 61]. The
grand canonical susceptibility describing correlations between two final-state hadron species i and j reads

�ij ⌘
h�Ni�Nji

V T 3
= �ij �

hrg
i +

X

R

hni njiR �
hrg
R . (91)

Here the index R sums over all resonances. The quantity hni njiR is an average product of the number of hadron
species i and j which result from decays of resonance R. This quantity takes into account the multinomial nature of
resonance decays. �hrg

i is defined in Eq. (87).

The correlator �
kQ
11 of net-kaon number with net-charge is evaluated by incorporating contributions from protons

and antiprotons as well as of all charged hadrons in the final state:

�
kQ
11 ⌘ h�(Nk+ �Nk�)�Qi

V T 3
=

X

j

qj(�k+j � �k�j) . (92)

Here k+ and k
� corresponds to positively and negatively charged final state kaons, respectively, while the index j runs

over all hadron species with charge qj in the final state, including both particles and antiparticles. The expression for

the net-proton-net-charge correlator �pQ
11 is analogous to Eq. (92). Evaluation of the grand canonical susceptibilities

in accordance with Eqs. (91) and (92) is readily implemented in the FIST package, as documented in Ref. [54].
The Monte Carlo procedure requires some extensions to incorporate the resonance decays as well. This is done in

the following way. First, we mark all the primordial hadrons and resonances as either belonging to subvolume V1 or
subvolume V2 by doing the Bernoulli trials, as before. Then we let all unstable resonances decay until only the stable
decay products are left. All decay products stemming from the same primordial resonance are assigned the same

For explicit results up to order n=6, see arXiv:2007.03850
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Also works for non-conserved quantities such as protons, K and Λ

• Mixed cumulants involving one conserved  
   charge  such as  scale like second order 
   charge cumulants 

• Again, same acceptance fraction  for both  
p and Q, or k and Q

σp,Q
1,1

α
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Figure 4. Dependence of cumulant ratios pQ
11 /Q

2 and kQ
11 /Q

2 (left panel) and ⇡p
11 /

p
2 and pk

11/
k
2 (right panel) on the

acceptance ↵, as calculated in the hadron resonance gas model using canonical ensemble Monte Carlo sampler (symbols) and
analytically in the framework of the subensemble acceptance method (lines). Here p, k, and ⇡ stand, respectively, for net-
proton, net-kaon and net-pion numbers evaluated after resonance decays. The Monte Carlo sample contains 107 events and
uses the same thermal parameters as in Fig. 1.

subvolume as that primordial resonance. We generate 107 events where we perform resonance decays in accordance
with the above description. All the cumulants of interest are then computed in the standard way, as a statistical
average from final-state hadron distributions.

The left panel of Fig. 4 depicts the Monte Carlo calculation results for cumulant ratios 
pQ
11 /

Q
2 and 

kQ
11 /

Q
2 as

functions of acceptance parameter ↵. The ratios do not exhibit any sensitivity to the value of ↵. As predicted
by the SAM, these quantities coincide with the corresponding ratios �

pQ
11 /�

Q
2 and �

kQ
11 /�

Q
2 of the grand canonical

susceptibilities, evaluated through Eqs. (91) and (92). Measurements of such quantities can thus directly reflect
intrinsic properties of matter that are characterized by the grand canonical susceptibilities.

Second order cumulant ratios involving non-conserved quantities only, on the other hand, do depend on the size of
the subvolume. E↵ects of global conservation laws no longer cancel out in such a case. To illustrate this aspect we
show in the right panel of Fig. 4 the ↵-dependence of cumulant ratios 

⇡p
11 /

p
2 and 

pk
11/

k
2 involving correlations of

net proton number with net pion and net kaon numbers, respectively. These ratios clearly do exhibit ↵ dependence,
interpolating between ratios of grand canonical (↵ ! 0) and canonical (↵ ! 1) susceptibilities.

The SAM predicts a linear ↵-dependence of net-proton and net-kaon cumulants p
2 and 

k
2 [Eq. (85)]. Assuming the

same linear ↵-dependence holds also for the correlators p⇡
11 and 

pk
11 one can expresses the ratios ⇡p

11 /
p
2 and 

pk
11/

k
2

as follows:


⇡p
11


p
2

=
(1� ↵)�⇡p

11 + ↵ (�⇡p
11 )ce

(1� ↵)�p
2 + ↵ (�p

2)ce
, (93)


pk
11


k
2

=
(1� ↵)�pk

11 + ↵ (�pk
11)ce

(1� ↵)�k
2 + ↵ (�k

2)ce
. (94)

Here the quantities denoted as (. . .)ce are the susceptibilities evaluated in the canonical ensemble. The procedure to
evaluate such quantities analytically is detailed in Refs. [36, 61], and is readily available in the FIST package. The
↵-dependence of p⇡

11 /
p
2 and 

pk
11/

k
2 evaluated according to Eqs. (93) and (94) is shown in the right panel of Fig. 4

by dashed lines. These analytic expectations agree with the Monte Carlo results, suggesting that all second order
cumulants of non-conserved quantities can be generally described by a linear function in ↵ which interpolates between
the grand canonical (↵ ! 0) and canonical (↵ ! 1) limits, as written in the numerator and denominator of Eqs. (93)
and (94).

• Does NOT work for two  
   non-conserved charges, such as σp,K

1,1
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Figure 4. Dependence of cumulant ratios pQ
11 /Q

2 and kQ
11 /Q

2 (left panel) and ⇡p
11 /

p
2 and pk

11/
k
2 (right panel) on the

acceptance ↵, as calculated in the hadron resonance gas model using canonical ensemble Monte Carlo sampler (symbols) and
analytically in the framework of the subensemble acceptance method (lines). Here p, k, and ⇡ stand, respectively, for net-
proton, net-kaon and net-pion numbers evaluated after resonance decays. The Monte Carlo sample contains 107 events and
uses the same thermal parameters as in Fig. 1.

subvolume as that primordial resonance. We generate 107 events where we perform resonance decays in accordance
with the above description. All the cumulants of interest are then computed in the standard way, as a statistical
average from final-state hadron distributions.

The left panel of Fig. 4 depicts the Monte Carlo calculation results for cumulant ratios 
pQ
11 /

Q
2 and 

kQ
11 /

Q
2 as

functions of acceptance parameter ↵. The ratios do not exhibit any sensitivity to the value of ↵. As predicted
by the SAM, these quantities coincide with the corresponding ratios �

pQ
11 /�

Q
2 and �

kQ
11 /�

Q
2 of the grand canonical

susceptibilities, evaluated through Eqs. (91) and (92). Measurements of such quantities can thus directly reflect
intrinsic properties of matter that are characterized by the grand canonical susceptibilities.

Second order cumulant ratios involving non-conserved quantities only, on the other hand, do depend on the size of
the subvolume. E↵ects of global conservation laws no longer cancel out in such a case. To illustrate this aspect we
show in the right panel of Fig. 4 the ↵-dependence of cumulant ratios 

⇡p
11 /

p
2 and 

pk
11/

k
2 involving correlations of

net proton number with net pion and net kaon numbers, respectively. These ratios clearly do exhibit ↵ dependence,
interpolating between ratios of grand canonical (↵ ! 0) and canonical (↵ ! 1) susceptibilities.

The SAM predicts a linear ↵-dependence of net-proton and net-kaon cumulants p
2 and 

k
2 [Eq. (85)]. Assuming the

same linear ↵-dependence holds also for the correlators p⇡
11 and 

pk
11 one can expresses the ratios ⇡p

11 /
p
2 and 

pk
11/

k
2

as follows:


⇡p
11


p
2

=
(1� ↵)�⇡p

11 + ↵ (�⇡p
11 )ce

(1� ↵)�p
2 + ↵ (�p

2)ce
, (93)


pk
11


k
2

=
(1� ↵)�pk

11 + ↵ (�pk
11)ce

(1� ↵)�k
2 + ↵ (�k

2)ce
. (94)

Here the quantities denoted as (. . .)ce are the susceptibilities evaluated in the canonical ensemble. The procedure to
evaluate such quantities analytically is detailed in Refs. [36, 61], and is readily available in the FIST package. The
↵-dependence of p⇡

11 /
p
2 and 

pk
11/

k
2 evaluated according to Eqs. (93) and (94) is shown in the right panel of Fig. 4

by dashed lines. These analytic expectations agree with the Monte Carlo results, suggesting that all second order
cumulants of non-conserved quantities can be generally described by a linear function in ↵ which interpolates between
the grand canonical (↵ ! 0) and canonical (↵ ! 1) limits, as written in the numerator and denominator of Eqs. (93)
and (94).
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• Allows for corrections due to electric charge (protons) 
   or strangeness ( Λ ) in addition to baryon number conservation.
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Figure 5. Acceptance ↵ dependence of net-particle variance normalized by Skellam distribution baseline for net-proton (left
panel) and net-⇤ (right panel) fluctuations, as calculated in the hadron resonance gas model using canonical ensemble Monte
Carlo sampler (symbols) and analytically in the framework of the subensemble acceptance method (SAM) with three conserved
charges (solid black lines), two conserved charges (dotted red lines), one conserved charge (dashed blue lines), as well as using
approximate relations (106) and (107) for two conserved charges (dash-dotted black lines). The Monte Carlo sample is the
same as in Fig. 4.

Below we present explicit calculations to establish the accuracy of these relations.
Figure 5 depicts the ↵-dependence of the second order net-proton (left panel) and net-⇤ (right panel) cumulants

scaled by the grand canonical Skellam distribution baselines. Calculations include feeddown from all strong and
electromagnetic decays. The symbols depict the results of Monte Carlo sampling. The Monte Carlo calculations agree
with the exact SAM calculation in a presence of three canonically conserved charges [Eq. (99)], shown in Fig. 5 by
the solid lines.

The dotted lines in Fig. 5 depict the SAM results for two conserved charges, (B,Q) in case of net protons and (B,S)
in case of net-⇤. Here no assumptions were made about the approximate equality of the diagonal and o↵-diagonal
second order cumulants as in Eqs. (102),(104). These show only negligible deviations from the full BQS-canonical
ensemble, indicating that the exact conservation of net strangeness has a negligible e↵ect on net-proton fluctuations
while the exact conservation of electric charge has a negligible e↵ect on net-⇤ fluctuations. On the other hand, the
approximate relations (106) and (107), shown in Fig. 5 by the dash-dotted lines, reveal sizable deviations from the full
results. These relations overestimate the global charge conservation e↵ects, especially at larger values of ↵. The main
reason is that the approximations that go into Eqs. (106) and (107), namely the assumed smallness of baryon-electric
and baryon-strangeness correlators, are not very accurate at the chemical freeze-out, as follows from the HRG model
calculations.2 The approximations �pQ

11 ⇡ �
p
2 [Eq. (102)] and �

⇤S
11 ⇡ �

⇤
2 [Eq. (104)], on the other hand, are found to

be very accurate, namely within 1 and 2% relative error, respectively.
Finally, the dashed lines in Fig. 5 depict the net-proton and net-⇤ fluctuations in the presence of only single

conserved charge – the baryon number [Eq. (101)]. Such a calculation is relatively close to the full result, although it
does systematically underestimate the overall e↵ect of three conserved charges.

We conclude that a quantitative HRG model analysis of net-proton and net-⇤ fluctuations requires, in addition
to baryon number, a canonical treatment of, respectively, electric charge and strangeness. This may be even more
relevant for the higher-order fluctuations, which are expected to be more sensitive to exact conservation of multiple
charges. From a practical point of view, the approximate relations (101) and (106),(107) can be used to estimate the
magnitude of the global charge conservation e↵ects, as they are found to bracket the true values of net-proton and
net-⇤ cumulants in an HRG model calculation.

2 We used Eqs. (103) and (105) involving primordial numbers of charged and strange hadrons in this calculation. The result for net-⇤
would change very little if we used hN4⇡

S,fini instead of hN4⇡
S,primi. Had we used hN4⇡

ch,fini instead of hN4⇡
ch,primi, however, it would move

the black dash-dotted line in Fig. 5 up closer to the Monte Carlo data as the fact that hN4⇡
ch,fini > hN4⇡

ch,primi implies a decrease of ↵p
Q.

Truth lies in between the “naive” corrections 
Likely bigger effect for higher orders.



Applicability and limitations
• Argument is based on partition in coordinate space; 

experiments partition in momentum space 
- OK for high energies where we have Bjorken flow 

•Still corrections due to thermal smearing. Under investigation. 
- Limited applicability for lower energies 

• Thermodynamic limit i.e. : 
- Lattice calculations work with .  

Chemical freeze out Volume at LHC  
• Not addressed: local charge conservation

V1, V2 ≫ ξ3

Vlattice ≃ (5 fm)3 = 125 fm3

∼4500 fm3
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Summary
• Preliminary STAR data: 

- consistent with “Bi-Modal” distribution at 7.7 GeV 
- Can be tested RIGHT NOW by STAR via higher order factorial 

cumulants 
- “Final”, efficiency uncorrected multiplicity distribution does support 

idea of “Bi-Modal” distribution. 
•What about the revised data? 

• Corrections for global (multiple) charge conservation in terms of 
grand canonical susceptibilities for ANY equation of state not 
just ideal gas 

- connection to lattice results 
- Applicable at top RHIC and LHC 
- Ratios of second and third order cumulants insensitive to 

conservation effects as long as acceptance fraction is the same

23



24

Thank You


