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Outline

 Chiral properties of QCD at T=0 and B=/=0

 Fluctuations of conserved charges at T=/=0 and B=/=0

•  2nd order diagonal and off-diagonal fluctuations 

• Gell-Mann-Oakes-Renner relation 
• qB scaling of chiral condensates, neutral pion mass & decay 

constants 
• masses, magnetic polarizability decay constants of neutral pion 

and kaon

HTD, S.-T. Li, A. Tomiya, X.-D. Wang & Y. Zhang, 
arXiv:2008.00493

HTD, S.-T. Li, Q. Shi, X.-D. Wang, work in progres
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(Inverse) magnetic catalyses v.s. reduction of Tpc  
in a background magnetic field

3

Bali et al., JHEP02(2012)044

Chiral condensate always increases as eB at T=0 
Its connection to the reduction of Tpc is highly non-trivial
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Reduction of Tpc v.s. lighter pion

4

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],  
Phys. Rev. Lett. 123 (2019) 062002

HTD,  arXiv:2002.11957

See also Anirban’s talk on day1 

Bali et al., PRD 97, 034505 (2018) 

eB=0 eB=/=0
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Is (neutral) pion still a 
Goldstone boson at eB=/=0 ?

M⇡u(eB)/M⇡(eB = 0)

<latexit sha1_base64="yTG1ZLN3IJXLVk/2VrfUs2C32zA=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhHZTZ6SiG6HUjZtCBXuBdhwyaVpDMxeSjFCG4sZXceNCEbc+hTvfxrSdhbb+EPjyn3NIzu9FnEllWd9GZml5ZXUtu57b2Nza3jF395oyjAWhDRLyULQ9LClnAW0opjhtR4Ji3+O05Q2vJvXWAxWShcGtGkXU8fEgYH1GsNKWax7U3KQbsbt4XKDV4knN1RdNl1bRNfNWyZoKLYKdQh5S1V3zq9sLSezTQBGOpezYVqScBAvFCKfjXDeWNMJkiAe0ozHAPpVOMl1hjI6100P9UOgTKDR1f08k2Jdy5Hu608fqXs7XJuZ/tU6s+hdOwoIoVjQgs4f6MUcqRJM8UI8JShQfacBEMP1XRO6xwETp1HI6BHt+5UVonpbscunsppyvVNM4snAIR1AAG86hAtdQhwYQeIRneIU348l4Md6Nj1lrxkhn9uGPjM8f1IeVxg==</latexit>
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Gell-Mann-Oakes-Renner relation

5

• At T=0, eB=0, next-to-leading order chiral correction 
δπ=(6.2±1.6)%, δK=(55±5)% Bordes  et al.,  JHEP05(2010)064, JHEP10(2012)102

• At T=0, in the weak magnetic field the 2-flavor GMOR 
relation holds true for chiral pions from LO ChPT

Shushpanov and Smilga, PLB402(1997)351 

2-flavor:
3-flavor:

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968) 
J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985)

• At eB=/=0, additional pion decay constants appear due to 
a nonzero pion-to-vacuum transition via the vector 
electroweak current Fayazbakhsh & Sadooghi, PRD 88(2013)065030 

Bali  et al., 121(2018)072001, Coppola et al., PhysRevD.99 (2019)0540312
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Gell-Mann-Oakes-Renner relation

5

• At T=0, eB=0, next-to-leading order chiral correction 
δπ=(6.2±1.6)%, δK=(55±5)% Bordes  et al.,  JHEP05(2010)064, JHEP10(2012)102

• At T=0, in the weak magnetic field the 2-flavor GMOR 
relation holds true for chiral pions from LO ChPT

Shushpanov and Smilga, PLB402(1997)351 

2-flavor:
3-flavor:

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968) 
J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985)

• At eB=/=0, additional pion decay constants appear due to 
a nonzero pion-to-vacuum transition via the vector 
electroweak current Fayazbakhsh & Sadooghi, PRD 88(2013)065030 

Bali  et al., 121(2018)072001, Coppola et al., PhysRevD.99 (2019)0540312

We focus on the neutral pion & kaon decay constants which 
have same definitions at eB=0
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Lattice setup
• Symanzik-improved gauge action with HISQ fermions  

• 323x96 lattices, with a=0.117 fm (a-1=0.17 GeV), ml/ms =1/10 
(Mπ =220 MeV) 

• In our setup fπ= 96.93(2) MeV, fK=112.50(2) MeV, fK/fπ=1.1606(3)

6

✦ Magnetic flux: Nb=0,1,2,3,4,6,8,10,12,16,20,24,32,48 & 64

✦ 0 ≤ eB ≤ 3.35 GeV2 (~60        ) M2
⇡

<latexit sha1_base64="w4sbAad/EhZ/g6a8KyDGfhzW9A0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXgRKtgPaNeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4yv/NElWaxeDBTSf0IjwQLGcHGSp27QV+yx9qgXHGr7hxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n83Nn6MwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x45adMyMRQQRaLwoQjE6PsdzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2rWqV69e3Ncrjes8jiKcwCmcgweX0IBbaEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AMuAjzk=</latexit>

✦ Magnetic field is quantized as

 FLAG 2019: At physical mass point fπ= 92.1(6) MeV, fK=110.1(5) MeV, fK/fπ=1.1917(37)
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Meson masses extracted from temporal 
correlation functions

7

Neutral pion becomes iso-singlet: u and d flavor components

Meson mass: exponential decay of temporal correlation functions 
AICc fit to obtain meson masses
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Masses of neutral pseudo scalar mesons

8

• The mass drops at most to 60% of its value at B=0 
• Light meson are more affected by B 

 qB scaling is observed in u and d flavor components of Mπ
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Masses of charged pseudo scalar mesons

9

Lowest Landau Level approximation for point charged PS mesons: 
M2(eB) = M2(eB=0) + eB

• M2(eB) - M2(eB=0) firstly increases and then decreases with eB. The 
decreasing behavior is not observed in the previous LQCD simulations 

• At eB ≳ 0.3 GeV2, charged pion and K cannot be considered as point 
particles any more 

• Ratio of charged pion and Kaon increases with eB and then saturate



/20

Magnetic polarizability βm of charged pion & kaon

10

βm from our best fits:

pion: (-0.00±0.04)x10-4  fm3

• Quenched lattice QCD for pion: βm =(-2.06±0.76)x10-4 fm3 on 184 
and βm =(-1.15±0.31)x10-4 fm3 on 204 lattices

• COMPASS experiment for pion: βm =(-2±0.6stats±0.7syst)x10-4 fm3 

assuming βm = - ⍺m

Luschevskaya, Solovjeva & O.V. Teryaev, PLB 761 (2016) 393 

kaon: (-2±2)x10-4  fm3

At odd with experiment results

[Compass], PRL 114 (2015) 062002
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Light quark chiral condensates

11

•Magnetic catalysis: light quark chiral condensate increase linear 
with eB at large eB, and increases with a power-law behavior at 
small eB
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Light quark chiral condensates

11

•Magnetic catalysis: light quark chiral condensate increase linear 
with eB at large eB, and increases with a power-law behavior at 
small eB

• qB scaling of u and d quark chiral condensates: same at same 
value of |qB|
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Decay constants of neutral pion and kaon

• All the decay constants 
increase with eB 

• qB scaling seen in u and d 
quark flavor components of fpi 

• fK/fπ decreases with eB and 
then saturate
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Gell-Mann-Oakes-Renner relation

neutral pion remains as a Goldstone boson with eB up to ~3.5 GeV2
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Magnetic fields created in HIC

14

Skokov, Illarionov and V.Toneev, IJMPA 24 (2009) 5925

eB ⇠ 15m2
⇡

<latexit sha1_base64="l0pKQ1pGxNgNKtH8KmKN9ZtxfK8=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjFxRVoC0SXBjUtM5JHQ2kyHKUyYmTYzUw2pfIobFxrj1i9x5984QBcKnuQmJ+fcm3vvCRNGlXacb6uwsbm1vVPcLe3tHxwe2eXjropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh5Hru9x6IVDQWd3qaEJ+jkaARxUgbKbDLpOUpyqHbgDzwEnpfC+yKU3UWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vTZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdXfkZFUmqicDLRVHKoI7hPAc4pJJgzaaGICypuRXiMZIIa5NWyYTgrr68Trq1qluvNm7rlWYrj6MITsEZuAAuuARNcAPaoAMweATP4BW8WU/Wi/VufSxbC1Y+cwL+wPr8AYHHkuA=</latexit>

eB ⇠ m2
⇡

<latexit sha1_base64="+t/W8KqQ2IqYero/qpmjT7CvxD0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSKnos9eKxgv2ANobNdtIu3U3C7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxyW7aPjjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0mN3O/+whSsTi619MEPEFGEQsZJdpIvl2G5kAxgbHwBwl7qPl2xak6C+B14uakgnK0fPtrMIxpKiDSlBOl+q6TaC8jUjPKYVYapAoSQidkBH1DIyJAedni8Bk+N8oQh7E0FWm8UH9PZEQoNRWB6RREj9WqNxf/8/qpDq+9jEVJqiGiy0VhyrGO8TwFPGQSqOZTQwiVzNyK6ZhIQrXJqmRCcFdfXiedWtWtVy/v6pVGM4+jiE7RGbpALrpCDXSLWqiNKErRM3pFb9aT9WK9Wx/L1oKVz5ygP7A+fwCUp5Jm</latexit>

t=0:
LHC:
RHIC:
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Magnetic fields created in HIC
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Skokov, Illarionov and V.Toneev, IJMPA 24 (2009) 5925

eB ⇠ 15m2
⇡

<latexit sha1_base64="l0pKQ1pGxNgNKtH8KmKN9ZtxfK8=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjFxRVoC0SXBjUtM5JHQ2kyHKUyYmTYzUw2pfIobFxrj1i9x5984QBcKnuQmJ+fcm3vvCRNGlXacb6uwsbm1vVPcLe3tHxwe2eXjropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh5Hru9x6IVDQWd3qaEJ+jkaARxUgbKbDLpOUpyqHbgDzwEnpfC+yKU3UWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vTZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdXfkZFUmqicDLRVHKoI7hPAc4pJJgzaaGICypuRXiMZIIa5NWyYTgrr68Trq1qluvNm7rlWYrj6MITsEZuAAuuARNcAPaoAMweATP4BW8WU/Wi/VufSxbC1Y+cwL+wPr8AYHHkuA=</latexit>

eB ⇠ m2
⇡

<latexit sha1_base64="+t/W8KqQ2IqYero/qpmjT7CvxD0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSKnos9eKxgv2ANobNdtIu3U3C7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxyW7aPjjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0mN3O/+whSsTi619MEPEFGEQsZJdpIvl2G5kAxgbHwBwl7qPl2xak6C+B14uakgnK0fPtrMIxpKiDSlBOl+q6TaC8jUjPKYVYapAoSQidkBH1DIyJAedni8Bk+N8oQh7E0FWm8UH9PZEQoNRWB6RREj9WqNxf/8/qpDq+9jEVJqiGiy0VhyrGO8TwFPGQSqOZTQwiVzNyK6ZhIQrXJqmRCcFdfXiedWtWtVy/v6pVGM4+jiE7RGbpALrpCDXSLWqiNKErRM3pFb9aT9WK9Wx/L1oKVz5ygP7A+fwCUp5Jm</latexit>

t=0:
LHC:
RHIC:

Fukushima & Hidaka, PRL 117, 102301 (2016)

�Q
2

<latexit sha1_base64="oHE+k30LIXMWP4OYxp/xaZBwlR0=">AAAB73icbVDLTgJBEOz1ifhCPXqZSEw8kV2C0SPRi0dI5JHASmaHWZgwO7vO9JoQwk948aAxXv0db/6NA+xBwUo6qVR1p7srSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbG6x3HC/YgOlAgFo2ildpcNRa/8UO8Vim7JnYOsEi8jRchQ6xW+uv2YpRFXyCQ1puO5CfoTqlEwyaf5bmp4QtmIDnjHUkUjbvzJ/N4pObdKn4SxtqWQzNXfExMaGTOOAtsZURyaZW8m/ud1Ugyv/YlQSYpcscWiMJUEYzJ7nvSF5gzl2BLKtLC3EjakmjK0EeVtCN7yy6ukWS55ldJlvVKs3mRx5OAUzuACPLiCKtxBDRrAQMIzvMKb8+i8OO/Ox6J1zclmTuAPnM8fg0OPog==</latexit>

µQ

<latexit sha1_base64="WjU5gwmSqm1x4HOeswnqtEJuw+o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48tmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc/97hNVmsXy0cwSGgg8lixiBBsr+QORDtvDas2tuwugdeIVpAYFWsPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpya6DTImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOld1r1G/bjdqzbsijjKcwTlcggc30IQHaIEPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8ft3KOog==</latexit>

Based on HRG, 
detect eB by comparing 2nd order 

electrical charge fluctuation in 
peripheral to central collisions
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Fluctuations of conserved charges

15

p

T 4
=

1

V T 3
lnZ(T, V, µ̂u, µ̂d, µ̂s) =

1X

i,j,k=0

�BQS
ijk

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

Taylor expansion of the QCD pressure:
Allton et al., Phys.Rev. D66 (2002) 074507
Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506 

 Taylor expansion coefficients at μ=0 are computable in 
LQCD, i.e. fluctuations of conserved charges:

�BQS
ijk ⌘ �BQS

ijk (T ) =
1

V T 3

@i+j+kP (T, µ)/T 4

@µ̂i
B@µ̂

j
Q@µ̂

k
S

���
µ̂B,Q,S=0

<latexit sha1_base64="GGyiMAq10HKdOywV1I/iXT4I/R0="></latexit>

 Magnetic field dependences of these fluctuations
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• Same lattice discretization as that at T=0  

• Simulations at nonzero T=1/(aNt) with fixed scale approach

• 0 ≤ eB ≤ 2.5 GeV2 (~50        ) with M2
⇡

<latexit sha1_base64="w4sbAad/EhZ/g6a8KyDGfhzW9A0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXgRKtgPaNeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4yv/NElWaxeDBTSf0IjwQLGcHGSp27QV+yx9qgXHGr7hxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n83Nn6MwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x45adMyMRQQRaLwoQjE6PsdzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2rWqV69e3Ncrjes8jiKcwCmcgweX0IBbaEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AMuAjzk=</latexit>

Lattice setup

16

T= 280, 210,   168,   140 MeV  with Nt=6,8,10,12
well above Tpc ~Tpc well below Tpc
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Quark number susceptibilities

• Up and down quark sus. are denigrate at eB=0 and start to 
deviate at eB=/=0

• Ratio for down to strange quark sus. is independent on eB at 
high T, while decreases at two low temperatures
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Fluctuations of conserved charges

18

Quantities that reach unity at high T at eB=0
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Fluctuations of conserved charges
Quantities that probes               at high T at eB=/=0�u

2/�
d
2
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R(eB) =
�Q
2 + �BQ

11

�Q
2 � 2�BQ

11
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R(eB)/R(eB = 0)
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Skokov, Illarionov and V.Toneev, IJMPA 24 (2009) 5925

eB ⇠ 15m2
⇡
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eB ⇠ m2
⇡

<latexit sha1_base64="+t/W8KqQ2IqYero/qpmjT7CvxD0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSKnos9eKxgv2ANobNdtIu3U3C7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxyW7aPjjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0mN3O/+whSsTi619MEPEFGEQsZJdpIvl2G5kAxgbHwBwl7qPl2xak6C+B14uakgnK0fPtrMIxpKiDSlBOl+q6TaC8jUjPKYVYapAoSQidkBH1DIyJAedni8Bk+N8oQh7E0FWm8UH9PZEQoNRWB6RREj9WqNxf/8/qpDq+9jEVJqiGiy0VhyrGO8TwFPGQSqOZTQwiVzNyK6ZhIQrXJqmRCcFdfXiedWtWtVy/v6pVGM4+jiE7RGbpALrpCDXSLWqiNKErRM3pFb9aT9WK9Wx/L1oKVz5ygP7A+fwCUp5Jm</latexit>

, LHC:• RHIC:

• Comparison between fluctuations in peripheral and central 
collisions to check the existence of the magnetic field ?
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Summary & Conclusion
 Gell-Mann-Oakes-Renner relation holds true for neutral pion for eB up to 

~3.5 GeV2 

qB scaling is observed in up and down quark flavor components of neutral 
pion masses, neutral pion decay constants and quark chiral condensates 

 Puzzle in the pion magnetic polarizability: results in full QCD deviates more 
from the experiment results than that of quenched QCD 

 Large effects of magnetic field on the fluctuations of conserved charges 
are found, which may could be used to detect the existence of magnetic field 
in experiments

Thanks for your attention!


