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Quarks

symbol name electrical charge mass
u up +2/3 0.31GeV
d down −1/3 0.31 GeV
c charm +2/3 1.6 GeV
s strange −1/3 0.5 GeV
t top +2/3 17.5 GeV
b bottom −1/3 4.6 GeV

Baryons

n = 〈ddu〉, p = 〈uud〉, (1)

Σ0 = 〈uds〉, Σ+ = 〈uus〉, Σ− = dds Λ = 〈uds〉, (2)

Mesons

π− = 〈ūd〉, π+ = 〈ud̄〉. (3)

K0 = 〈ds̄〉, K+ = 〈us̄〉, K− = 〈ūs〉. (4)
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At sufficiently high density the nucleonic matter with make a transition to the quark matter
state (deconfinement)

High-temperature QGP
phase is probed in heavy ion
colliders

Low-density
low-temperature nucleonic
matter in nuclei and
low-densities of neutron
stars

Low-temperature high
density phase of dense
matter may be in the quark
state (compact stars) liq

T

µ

gas

QGP

CFL

nuclear
superfluid

heavy ion
collider

neutron star

non−CFL
hadronic
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Internal structure of a compact star

Outer crust  
relativistic electrons, nuclei

Inner crust  
neutron-rich nuclei, 
pasta phases, unbound  
neutrons, electrons 

Outer core 
neutrons, protons,  
electrons and muons

Inner core 
 Full baryon octet of spin-1/2 baryons,  non-strange spin-3/2 Delta-resonances,  
 mesonic Bose condensates, color superconducting phases of dense quark matter 

r < 13 km

r < 12 km

r < 10 km

r < 6 km

ρ= 0.5 ρ

ρ = ρ

ρ > 2.0 ρ

     sat

  sat

    sat
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The Lagrangian of QCD is written for ψq = (ψqR, ψqG, ψqB)T as

LQCD = ψ̄i
q(iγµ)(Dµ)ijψ

j
q − mqψ̄

i
qψqi︸ ︷︷ ︸

quarks

−
1
4

Fa
µνFaµν︸ ︷︷ ︸

gluons(Yang−Mills)

,

where (Dµ)ij = δij∂µ − igstaijA
a
µ ,︸ ︷︷ ︸

covarinat derivative

and Fµν = ∂µAν − ∂νAµ − 2q(Aµ × Aν)︸ ︷︷ ︸
gluonic field (Yang−Mills) field tensor

7

Quark matter phase diagram

pQCD
!PT

hadronsgas

Compact Stars

Tc

T

µI

LQCD

m⇡

CFL

quark-gluon
plasma

colour
superconductors

h ̄ i 6= 0

h ̄ i 6= 0

h C�5 i

h ̄�2�5 i = B sin↵

h ̄ i = B cos↵

pion condensed
phase

µB

SOME METHODS

NJL-like

Picture courtesy: M. Mannarelli
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The standard model and QCD

The Lagrangian of QCD is

L = ψ̄i
q(iγµ)(Dµ)ijψ

j
q − mqψ̄

i
qψqi −

1
4

Fa
µνFaµν , (5)

where ψi
q denotes a quark field with (fundamental) colour index i,

ψq = (ψqR, ψqG, ψqB)T , γµ is a Dirac matrix that expresses the vector nature of the strong
interaction, with µ being a Lorentz vector index, mq allows for the possibility of non-zero
quark masses (induced by the standard Higgs mechanism or similar), Fa

µν is the gluon
field strength tensor for a gluon with (adjoint) colour index a (i.e., a ∈ [1, . . . , 8]), and Dµ
is the covariant derivative in QCD,

(Dµ)ij = δij∂µ − igstaijA
a
µ , (6)

with gs the strong coupling (related to αs by g2
s = 4παs), Aa

µ the gluon field with colour
index a, and taij proportional to the hermitean and traceless Gell-Mann matrices of SU(3).
The field tensor of the gluonic Yang-Mills field is given by

Fµν = ∂µAν − ∂νAµ − 2q(Aµ × Aν) (A× B)i =
8∑

j,k=1

fijkAjBk (7)

fijk are structure constant of SU(3).
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The standard model and QCD

These generators are just the SU(3) analogs of the Pauli matrices in SU(2). By
convention, the constant of proportionality is normally taken to be

taij =
1
2
λa

ij . (8)

This choice in turn determines the normalization of the coupling gs and fixes the values of
the SU(3) Casimirs and structure constants. taij proportional to the hermitean and traceless
Gell-Mann matrices of SU(3)

λ1 =

0 1 0
1 0 0
0 0 0

 λ2 =

0 −i 0
i 0 0
0 0 0

λ3 =

1 0 0
0 −1 0
0 0 0


λ4 =

0 0 1
0 0 0
1 0 0

 λ5 =

0 −0 −i
0 0 0
i 0 0


λ6 =

0 0 0
0 0 1
0 1 0

 λ7 =

0 0 0
0 0 −i
0 i 0

 λ8 =
1
√

3

1 0 0
0 1 0
0 0 −2

 (9)

We have six replicas of Lagrangian for each quark flavor (differing by mass).
Each of the Lagrangians is invariant under SU(3) gauge transformations and describes
three equal mass fields of different color (say, red, green, blue).
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In color space the one-gluon quark interaction has an attractive component

N2
c−1∑
A

tkitlj = −
Nc + 1

4Nc
(δjkδil − δikδjl)︸ ︷︷ ︸
attractive

+
Nc − 1

4Nc
(δjkδil − δikδjl)︸ ︷︷ ︸
repulsive

(10)

Because of attractive interaction quarks form Cooper-pairs:
The symmetry requires that for J = 0 (spin-zero pairs with zero angular momentum) need
to quark of different flavor and different color

∆fg
ij = εijkε

fg∆k, Φfg
ij = γ5∆fg

ij . (11)

This is the 2SC phase. Only red-green quarks are paired, blue quarks are unpaired. In a
superconductor the quasiparticle spectrum is given by

Ee
k =

√
(ξk − eµ)2 + ∆2, ∆k = δk3∆. (12)

In the three-flavor case color-flavor-locked (CFL) phase is realized

∆fg
ij = εijkε

fgh∆h
k , ∆h

k = δh
k ∆ Φfg

ij = γ5∆fg
ij . (13)
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To obtain the spectrum in a simple form allow for small sextet gaps:

∆fg
ij = ∆3̄,3̄(δf

i δ
g
j − δ

g
i δ

f
j ) + ∆6,6(δf

i δ
g
j − δ

g
i δ

f
j ), ∆fg

ij = ∆′1δ
f
i δ

g
j + ∆′2δ

g
i δ

f
j .(14)

∆′1 = ∆3̄,3̄ + ∆6,6 ∆′2 = −∆3̄,3̄ + ∆6,6. (15)

Color projectors

[P1]fgij =
1
3
δf

i δ
g
j , [P2]fgij =

1
2

(δijδ
fg − δg

i δ
f
j ), (16)

[P3]fgij =
1
2
δijδ

fgδi
gδ

fg +
1
2
δg

i δ
f
j −

1
3
δf

i δ
g
j ,

∑
n

Pn = 1︸ ︷︷ ︸
normalization

, PiPj = δijPj︸ ︷︷ ︸
orthogonality

. (17)

∆fg
ij =

3∑
n

∆n[Pn]fgij =
1
3

(∆1 + ∆2)δf
i δ

g
j −∆2δ

g
i δ

j
f ., ∆3 = −∆2. (18)
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Formalism

Partition function of QCD at finite density/temperature:

L = ψ(iγµDµ+ µ̂γ0− m̂)ψ−
1
4

Fµνa Ga
µν , Fµνa = ∂µAa

ν−∂νAa
µ+gf abcAb

µAc
ν , (19)

ψ 4NcNf -spinor, Dµ = ∂µ + igTaAa
µ, Aa

µ gauge fields and Ta = λa/2 (a = 1, . . . , 8)
generators of SU(3)c.

Partition function in terms of fields ψ(x)

Z =

∫
Dψ̄Dψexp

[
S0[ψ̄, ψ] + SI [ψ̄, ψ]

]
, (20)

Free part

S0[ψ̄, ψ] =

∫
dx dy ψ̄(x)

[
G+

0

]−1
(x, y)ψ(y), (21)

Interaction part

SI [ψ̄, ψ] =
g2

2

∫
dx dy

∑
a,b

ψ̄(x)Γµa ψ(x)Dab
µν(x, y)ψ̄(y)Γνbψ(y). (22)
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Consider Nf = 2 and Nc = 3; define the basis

ψ̄ = (ψ̄u
r , ψ̄

d
r , ψ̄

u
g , ψ̄

d
g , ψ̄

u
b , ψ̄

d
b). (23)

Consider a local transformation on quark fields given by

ψ′ → ψe−iθ(x), ψ̄′ → ψ̄eiθ(x), (24)

and special case θ(x) = Qµxµ/2, Q = (0,Q). Quark Green’s function becomes

[
G̃+

0

]−1
(x, y) = [G+

0 ]−1(x, y) + γµ∂µθ(y). (25)

Momentum space

[G̃±0 ]−1 = γµ (±Qµ/2 + kµ)± µγ0 − m. (26)

14 / 55



Equation of
state for binary

neutron star
mergers and
core-collapse
supernovae:

Lecture 2: QCD
phases

A Sedrakian

The standard
model and QCD

Exercise:
Partition
function of
fermionic fields

Thermodynamics
of QCD

Equation of
state

NJL model of
QCD and
hybrid stars

Constructing
EoS

Rapidly rotating
hybrid stars
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Bosonize the action

∆+(x, y) = g2
∑
a,b

Γ̄µa 〈ψC(x)ψ̄(y)〉ΓνbD
ab
µν(x, y), (27)

Nambu-Gorkov spinor fields

Ψ =

(
ψ
ψC

)
, Ψ̄ =

(
ψ̄, ψ̄C

)
, (28)

Full propagator/self-energy

G =

(
G̃+

0 F−

F+ G̃−0

)
, Ω =

(
Σ+ ∆−

∆+ Σ−

)
. (29)

Schwinger-Dyson equations

[G±]−1 =
[

G±0
]−1

+ Σ± −∆∓
([

G∓0
]−1

+ Σ∓
)−1

∆±, (30)

F± = −
([

G∓0
]−1

+ Σ∓
)−1

∆±G±, (31)
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Partition function in the mean field approximation:

ZMF =
[

detk(βG−1)
]1/2

× exp

 g2

2βV

∫
d4kd4p
(2π)8

∑
a,b

Tr
[

G̃−(k)Γ̄µa G̃+(p)Γνb

]
Dab
µν(k − p)

 ,
G±0 = diag

(
G±u

0 r ,G
±d
0 r ,G

±u
0 g ,G

±d
0 g ,G

±u
0 b ,G

±d
0 b

)
. (32)

The gap functions, in the basis (37), are given by

∆± =



0 0 0 ∆±1 0 0
0 0 ∆±2 0 0 0
0 ∆±2 0 0 0 0

∆±1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 . (33)

∆+
1,2(k) =

∑
e

ηe
1,2(k)Λe(k), (34)
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The full anomalous propagator

F± =



0 0 0 F±ud
rg 0 0

0 0 F±du
rg 0 0 0

0 F±ud
gr 0 0 0 0

F±du
gr 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0

 , (35)

F±ud
rg = −G∓u

0 r ∆±1 G±d
0 g , F±du

rg = −G∓d
0 r ∆±2 G±u

0 g , etc (36)

The quasiparticle spectrum is determined from

(
G− f

0 i

)−1 (
G+ g

0 j

)−1
−
∑

e

|ηefg
ij |

2Λe(k) = 0, E±e (ηe
1,2) = EA,e ±

√
E2

S,e + |ηe
1,2|2,

ES,e(|k|, |Q|, θ, µ̄)2 = (|k| − eµ̄)2 , EA,e(|Q|, θ, δµ) = δµ+ e|Q| cos θ, (37)
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Thermodynamics of QCD

Integrate out gluons:

Dab
µν = δab gµν

Λ2
, (38)

where Λ is a characteristic momentum scale. The partition function becomes

lnZMF = lnZ∆
MF + lnZ0

MF, (39)

the first term red-green quark condensate:

lnZ∆
MF =

3
8

Λ2

g2
βV
∑

n

(|η+
n |2 + 3

∑
n′,n6=n′

η+
n η

+
n′ ) (40)

+
1
2

∑
e,n

∫
d3k

(2π)3

{
β(E+

e (ηe
n)− E−e (ηe

n))

+2ln
[

f−1 (−E+
e (ηe

n)
)]

+ 2ln
[

f−1 (−E−e (ηe
n)
)]}

, (41)

Blue quarks:

lnZ0
MF = 2V

∫
d3k

(2π)3

∑
e,f

{
ln
[

f−1 (−ξ+
e (k, µb,f )

)]
+ ln

[
f−1 (−ξ−e (k, µb,f )

)]}
.
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Equation of state

The thermodynamic potential is obtained from the log of the partition function as

ΩMF = −
1

Vβ
ln ZMF. (42)

The stationary point(s) of the thermodynamic potential determine the equilibrium values of
the order parameters

∂ΩMF

∂ηe
1

= 0,
∂ΩMF

∂ηe
2

= 0,
∂ΩMF

∂|Q|
= 0. (43)

The direction of the vector Q is chosen by the superconductor spontaneously. Densities of
quarks

∂ΩMF

∂µu
= nu,

∂ΩMF

∂µd
= nd. (44)

The pressure is obtained then from the thermodynamics formula

p =
1
V

Ω (45)
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Equation of state

Under stellar conditions impose color and electric charge neutrality and conservation of
baryon number.
The total densities of up and down quarks are

nd = nrg
d + nb

d, (46)

nu = nrg
u + nb

u. (47)

The baryon density is

nB =
nu + nd

3
. (48)

The electrical and charge neutrality require, respectively,

∑
Qe = 0, →

2
3

nu −
1
3

nd − nelec = 0, (49)∑
Qc = 0, → nrg

d + nrg
u − 2nb

d − 2nb
u = 0. (50)
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III. NJL model of QCD and hybrid stars
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NJL model of QCD and hybrid stars

Quark phases

Color-superconductivity within the NJL model

LNJL = ψ̄(iγµ∂µ − m̂)ψ︸ ︷︷ ︸
free quarks

+ GV(ψ̄iγµψ)2︸ ︷︷ ︸
vector

+ GS

8∑
a=0

[(ψ̄λaψ)2 + (ψ̄iγ5λaψ) 2]

︸ ︷︷ ︸
scalar−pseudoscalar

+ GD
∑
γ,c

[ψ̄a
αiγ5ε

αβγεabc(ψC)b
β ][(ψ̄C)r

ρiγ5ε
ρσγεrscψ

s
σ ]

︸ ︷︷ ︸
pairing

− K
{

detf [ψ̄(1 + γ5)ψ] + detf [ψ̄(1− γ5)ψ]
}︸ ︷︷ ︸

t′Hooft interaction

,

- quarks: ψa
α, color a = r, g, b, flavor (α = u, d, s); mass matrix: m̂ = diagf (mu,md,ms);

- other notations: λa, a = 1, ..., 8, ψC = Cψ̄T and ψ̄C = ψT C, C = iγ2γ0.

Parameters of the model:

- GS the scalar coupling and cut-off Λ are fixed from vacuum physics
- GD is the di-quark coupling ' 0.75GS (via Fierz) but free to change
- GV and ρtr are treated as free parameters
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NJL model of QCD and hybrid stars

Quark phases

QCD interactions pairing interactions and gaps

∆ ∝ 〈0|ψa
ασψ

b
βτ |0〉

- Symmetric in space wave function (isotropic interaction)
- Antisymmetry in colors a, b for attraction
- Antisymmetry in spins σ, τ (Cooper pairs as spin-0 objects)
- Antisymmetry in flavors α, β

2SC phase:

Low densities, large ms (strange quark decoupled)

∆(2SCs) ∝ ∆εab3εαβ δµ� ∆,

Crystalline or gapless phases:

Intermediate densities, large ms (strange quark decoupled)

∆(cryst.) ∝ εαβ∆0 ei~Q·~r δµ ≥ ∆,

CFL phase:

High densities nearly massless u, d, s quarks

∆(CFL) ∝ 〈0|ψa
αLψ

b
βL|0〉 = −〈0|ψa

αRψ
b
βR|0〉 = ∆εabC∆εαβC.
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EOS including (hyper)nuclear, 2SC and CFL phases of matter

Choose Maxwell (large surface tension) or Glendenning (low surface tension)
constructions. Matching condition for Maxwell is simply

PN(µB) = PQ(µB),

i.e., with low-density nuclear and high-density quark phases
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Synthetic equations of state with constant speed of sound

∆ε1

∆ε2

2

P
re
ss
ur
e

density

Energy

ε

∆ε2SC

1 ε2

CFL

2SC

nuclear

P

1P

Instead of full NJL-model EoS with 2SC-CFL transition use synthetic EoS

Realistic DD-ME2 EoS below the deconfinement (Colucci-Sedrakian EoS)

Parametrize synthetic EoS via Constant Speed of Sound (CSS) parameterization
(Alford-Han-Prakash 2013), also Haensel-Zdunik (2012).
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Equilibria of compact objects

S. Shapiro, S. Teukolsky, “Black holes, White dwarfs and Neutron Stars”

-White dwarfs -first family, M ≤ 1.5M�, [S. Chandrasekhar, L. Landau (1930-32)]
-Neutron Stars - second family, M ≤ 2M�, [Oppenhimer-Volkoff (1939)]
-Hybrid Stars - third family, M ≤ 2M�, [Gerlach (1968), Glendenning-Kettner (2000)]
- Fourth Family? M. Alford and A. Sedrakian, Phys. Rev. Lett. 119, 161104 (2017).
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Phase diagram in M-R space
Phase diagram for hybrid star branches in the mass-radius relation of compact stars. The
left panel shows schematically the possible topological forms of the mass-radius relation
in each region of the diagram. [M. Alford, S. Han, M. Prakash, Phys. Rev. D 88, 083013
(2013).]
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The EoS is analytically given

p(ε) =


p1, ε1 < ε < ε1 +∆ε1

p1 + s1
[
ε− (ε1 +∆ε1)

]
, ε1 +∆ε1 < ε < ε2

p2, ε2 < ε < ε2 +∆ε2

p2 + s2
[
ε− (ε2 +∆ε2)

]
, ε > ε2 +∆ε2.

Need to specify:

the two speeds of sounds: s1 and s2

the point of transition from NM to QM ε1,P1

the magnitude of the first jump ∆ε1

the size of the 2SC phase, i.e, the second transition point ε2,P2

the size of the second jump ∆ε2
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Varying parameters of EoS with sequential phase transition
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.... and resulting topologies of sequences
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The stellar mass as a function of the star’s central pressure for four different values of ∆ε2.
The other parameters of the EOS are fixed at P1 = 1.7× 1035 dyn cm−2, s1 = 0.7,
∆ε2SC/ε1 = 0.27, ∆ε1/ε1 = 0.6, and s2 = 1. The vertical dotted lines mark the two
phase transitions at P1 and P2. Stable branches are solid lines, unstable branches are
dashed lines. We see the emergence of separate 2SC and CFL hybrid branches along with
the occurrence of triplets.
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.... and resulting topologies of mass-radius relations
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The M-R relations for the parameter values defined above . We have fixed the properties of
the nuclear→ 2SC transition and the speed of sound in 2SC and CFL matter. For the 2SC
→ CFL transition we have fixed the critical pressure and we vary the energy-density
discontinuity ∆ε2. The separate 2SC and CFL hybrid branches are clearly visible, along
with the occurrence of triplets.
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Profiles of triplets stars (same mass)

The profiles (here the log of pressure as a function of the internal radius) of the three

members of a triplet with masses M = 1.975 M�. Here “N” means the nuclear phase. The

parameter values are as above, with ∆ε2/∆ε1 = 0.23.
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Stability range

∆ε1/ε1
∆ε2/∆ε1 0.4 0.5 0.6 0.7

0.1 s, s s, s us, s︸︷︷︸
N-2SC

u, us︸︷︷︸
N-CFL

0.2 s, s s, s us, us︸ ︷︷ ︸
triplet

u, us︸︷︷︸
N-CFL

0.3 s, s s, s us, us︸ ︷︷ ︸
N-2SC;N-CFL

u, us︸︷︷︸
N-CFL

0.4 s, s s, us︸︷︷︸
2SC-CFL

us, u︸︷︷︸
N-2SC

u, u

0.5 s, s s, us︸︷︷︸
2SC-CFL

us, u︸︷︷︸
N-2SC

u, u

In each entry stable/unstable branches are referred by s/u, the 2SC and CFL phases are
separated by comma, and the pressure increases from left to right. The presence of twin
hybrid configurations or triplet configurations is marked by the underbraces with
information about the involved phases (“N” means nuclear).
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Lower mass triplets

Low-mass triplets via early transition NM→ QM

Still 2-solar mass members possible but only with the NM-2SC-CFL composition
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Phase transition

M H
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p

p 2

H
ε2

s 2

∆εQ 1

Q 1

ε1

∆ε1
p 1

R

M

 

ε

( a )

M H
m a x

∆ε2

Q 2

s 1

( b )

M Q 2
m i n

M Q 1
m a x

M Q 1
m i n

M Q 2
m i n

M Q 2
m a x

 

T w i n s

T r i p l e t s

Left: EoS with two sequential phase transitions. Right: Mass-radius relationships,
emergences of minima in the function M(R).

Case when NY∆-matter makes a first order phase sequential transitions to various generic
new phases (we had in mind phases of color superconducting phases).

p(ε) =


p1, ε1 < ε < ε1 +∆ε1

p1 + s1
[
ε− (ε1 +∆ε1)

]
, ε1 +∆ε1 < ε < ε2

p2, ε2 < ε < ε2 +∆ε2

p2 + s2
[
ε− (ε2 +∆ε2)

]
, ε > ε2 +∆ε2.
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Deformabilities hypernuclear + Delta matter
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MR relation (a) and deformabilities (b) for hybrid stars with a single phase transition(s).
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MR relation (a) and deformabilities (b) for hybrid stars with a double phase transition(s).
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to the one observed at the LIGO-Livingston detector during
GW170817. After applying the glitch subtraction tech-
nique, we found that the bias in recovered parameters
relative to their known values was well within their
uncertainties. This can be understood by noting that a
small time cut out of the coherent integration of the phase
evolution has little impact on the recovered parameters. To
corroborate these results, the test was also repeated with a
window function applied, as shown in Fig. 2 [73].
The source was localized to a region of the sky 28 deg2

in area, and 380 Mpc3 in volume, near the southern end of
the constellation Hydra, by using a combination of the
timing, phase, and amplitude of the source as observed in
the three detectors [138,139]. The third detector, Virgo, was
essential in localizing the source to a single region of the
sky, as shown in Fig. 3. The small sky area triggered a
successful follow-up campaign that identified an electro-
magnetic counterpart [50].
The luminosity distance to the source is 40þ8

−14 Mpc, the
closest ever observed gravitational-wave source and, by
association, the closest short γ-ray burst with a distance
measurement [45]. The distance measurement is correlated
with the inclination angle cos θJN ¼ Ĵ · N̂, where Ĵ is the
unit vector in the direction of the total angular momentum
of the system and N̂ is that from the source towards the
observer [140]. We find that the data are consistent with an
antialigned source: cos θJN ≤ −0.54, and the viewing angle
Θ≡minðθJN; 180° − θJNÞ is Θ ≤ 56°. Since the luminos-
ity distance of this source can be determined independently
of the gravitational wave data alone, we can use the
association with NGC 4993 to break the distance degen-
eracy with cos θJN . The estimated Hubble flow velocity
near NGC 4993 of 3017 % 166 km s−1 [141] provides a
redshift, which in a flat cosmology with H0 ¼ 67.90 %
0.55 km s−1 Mpc−1 [90], constrains cos θJN < −0.88 and
Θ < 28°. The constraint varies with the assumptions made
about H0 [141].

From the gravitational-wave phase and the ∼3000 cycles
in the frequency range considered, we constrain the chirp
mass in the detector frame to be Mdet ¼ 1.1977þ0.0008

−0.0003M⊙
[51]. The mass parameters in the detector frame are related
to the rest-frame masses of the source by its redshift z as
mdet ¼ mð1þ zÞ [142]. Assuming the above cosmology
[90], and correcting for the motion of the Solar System
Barycenter with respect to the Cosmic Microwave
Background [143], the gravitational-wave distance meas-
urement alone implies a cosmological redshift of
0.008þ0.002

−0.003 , which is consistent with that of NGC 4993
[50,141,144,145]. Without the host galaxy, the uncertainty
in the source’s chirp mass M is dominated by the
uncertainty in its luminosity distance. Independent of the
waveform model or the choice of priors, described below,
the source-frame chirp mass is M ¼ 1.188þ0.004

−0.002M⊙.
While the chirp mass is well constrained, our estimates

of the component masses are affected by the degeneracy
between mass ratio q and the aligned spin components χ1z
and χ2z [38,146–150]. Therefore, the estimates of q and
the component masses depend on assumptions made
about the admissible values of the spins. While χ < 1
for black holes, and quark stars allow even larger spin
values, realistic NS equations of state typically imply
more stringent limits. For the set of EOS studied in [151]
χ < 0.7, although other EOS can exceed this bound. We
began by assuming jχj ≤ 0.89, a limit imposed by
available rapid waveform models, with an isotropic prior
on the spin direction. With these priors we recover q ∈
ð0.4; 1.0Þ and a constraint on the effective aligned spin of
the system [127,152] of χeff ∈ ð−0.01; 0.17Þ. The aligned
spin components are consistent with zero, with stricter
bounds than in previous BBH observations [26,28,29].
Analysis using the effective precessing phenomenological
waveforms of [128], which do not contain tidal effects,
demonstrates that spin components in the orbital plane are
not constrained.

TABLE I. Source properties for GW170817: we give ranges encompassing the 90% credible intervals for different assumptions of the
waveform model to bound systematic uncertainty. The mass values are quoted in the frame of the source, accounting for uncertainty in
the source redshift.

Low-spin priors ðjχj ≤ 0.05Þ High-spin priors ðjχj ≤ 0.89Þ
Primary mass m1 1.36–1.60 M⊙ 1.36–2.26 M⊙
Secondary mass m2 1.17–1.36 M⊙ 0.86–1.36 M⊙
Chirp mass M 1.188þ0.004

−0.002M⊙ 1.188þ0.004
−0.002M⊙

Mass ratio m2=m1 0.7–1.0 0.4–1.0
Total mass mtot 2.74þ0.04

−0.01M⊙ 2.82þ0.47
−0.09M⊙

Radiated energy Erad > 0.025M⊙c2 > 0.025M⊙c2
Luminosity distance DL 40þ8

−14 Mpc 40þ8
−14 Mpc

Viewing angle Θ ≤ 55° ≤ 56°
Using NGC 4993 location ≤ 28° ≤ 28°
Combined dimensionless tidal deformability ~Λ ≤ 800 ≤ 700
Dimensionless tidal deformability Λð1.4M⊙Þ ≤ 800 ≤ 1400
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low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.

PRL 119, 161101 (2017) P HY S I CA L R EV I EW LE T T ER S week ending
20 OCTOBER 2017

161101-7

d
ra

ft

4

directly in an EOS parameter space. We sample uni-
formly in all EOS parameters within the following ranges:
�0 2 [0.2, 2], �1 2 [�1.6, 1.7], �2 2 [�0.6, 0.6], and
�3 2 [�0.02, 0.02] and additionally impose that the adi-
abatic index �(p) 2 [0.6, 4.5]. This choice of prior
ranges for the EOS parameters was chosen such that our
parametrization encompasses a wide range of candidate
EOSs [110]. Then for each sample, the four EOS pa-
rameters and the masses are mapped to a (⇤1,⇤2) pair
through the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions describing the equilibrium configuration of a spher-
ical star [119]. The two tidal deformabilities are then used
to compute the waveform template.

Sampling directly in the EOS parameter space allows for
certain prior constraints to be conveniently incorporated in
the analysis. In our analysis, we impose the following cri-
teria on all EOS and mass samples: (i) causality, the speed
of sound in the NS must be less than the speed of light (plus
10% to allow for imperfect parameterization) up to the cen-
tral pressure of the heaviest star supported by the EOS; (ii)
internal consistency, the EOS must support the proposed
masses of each component; and (iii) observational consis-
tency, the EOS must have a maximum mass at least as high
as previously observed NS masses, specifically 1.97 M�.
Another condition the EOS must obey is that of thermody-
namic stability; the EOS must be monotonically increasing
(d✏/dp > 0). This condition is built into the parametriza-
tion [110], so we do not need to explicitly impose it.

RESULTS

We begin by demonstrating the improvement in the mea-
surement of the tidal deformability parameters due to im-
posing a common but unknown EOS for the two NSs. In
Fig. 1 we show the marginalized joint posterior PDF for
the individual tidal deformabilities. We show results from
our analysis using the ⇤a(⇤s, q) relation in green and the
parametrized EOS without a maximum mass constraint in
blue. These are compared to results from [52], where the
two tidal deformability parameters are sampled indepen-
dently, in orange. The shaded region marks the ⇤2 < ⇤1

region that is naturally excluded when a common realis-
tic EOS is assumed, but is not excluded from the analysis
of [52]. In both cases imposing a common EOS leads to
a smaller uncertainty in the tidal deformability measure-
ment. The area of the 90% credible region for the ⇤1–⇤2

posterior shrinks by a factor of ⇠ 3, which is consistent
with the results of [106] for soft EOSs and NSs with simi-
lar masses. The tidal deformability of a 1.4 M� NS can be
estimated through a linear expansion of ⇤(m)m5 around
1.4 M� as in [5, 48, 120] to be ⇤1.4 = 190+390

�120 at the 90%
level when a common EOS is imposed (here and through-
out this paper we quote symmetric credible intervals). Our
results suggest that “soft” EOSs such as APR4, which pre-
dict smaller values of the tidal deformability parameter, are

favored over “stiff” EOSs such as H4 or MS1, which pre-
dict larger values of the tidal deformability parameter and
lie outside the 90% credible region.

0 250 500 750 1000 1250
�1
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1500

2000

�
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Less Compact

FIG. 1. Marginalized posterior for the tidal deformabilities of the
two binary components of GW170817. The green shading shows
the posterior obtained using the ⇤a(⇤s, q) EOS-insensitive re-
lation to impose a common EOS for the two bodies, while the
green, blue, and orange lines denote 50% (dashed) and 90%
(solid) credible levels for the posteriors obtained using EOS-
insensitive relations, a parameterized EOS without a maximum
mass requirement, and independent EOSs (taken from [52]), re-
spectively. The grey shading corresponds to the unphysical re-
gion ⇤2 < ⇤1 while the seven black scatter regions give the
tidal parameters predicted by characteristic EOS models for this
event [113, 115, 121–125].

We next explore what inferences we can make about the
structure of NSs. We do this using the spectral EOS pa-
rameterization described above in combination with the re-
quirement that the EOS must support NSs up to at least
1.97 M�, a conservative estimate based on the heaviest
known pulsar [65]. From this we obtain a posterior for
the NS interior pressure as a function of rest-mass density.
The result is shown in Fig. 2, along with predictions of
the pressure-density relationship from various EOS mod-
els. The pressure posterior is shifted from the 90% credible
prior region (marked by the orange lines) and towards the
soft floor of the parameterized family of EOS. This means
that the posterior is indicating more support for softer EOS
than the prior. The vertical lines denote the nuclear satu-
ration density and two more density values that are known
to approximately correlate with bulk macroscopic proper-
ties of NSs [19]. The pressure at twice (six times) the nu-
clear saturation density is measured to be 3.5+2.7

�1.7 ⇥ 1034

(9.0+7.9
�2.6 ⇥ 1035) dyn/cm2 at the 90% level.

The pressure posterior appears to show minor signs of a
bend above a density of ⇠ 5⇢nuc. Evidence of such behav-
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a) Tidal deformabilities of compact objects in the binary with chirp massM = 1.186M�
(b) Prediction by an EoS with maximal hadronic mass MH

max = 1.365M�. The inset shows
the mass-radius relation around the phase transition region. The circles M2 are two
possible companions for circle M1, generating two points in the Λ1-Λ2 curves while one
point is located below the diagonal line.
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The case of double phase transition a) Tidal deformabilities of compact objects in the
binary with chirp massM = 1.186M� (b) Prediction by an EoS with maximal hadronic
mass MH

max = 1.365M�. The inset shows the mass-radius relation around the phase
transition region. The circles M2 are two possible companions for circle M1, generating
two points in the Λ1-Λ2 curves while one point is located below the diagonal line.
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Summary of topics covered in Lecture 2

QCD phases at large densities and low temperatures

QCD partition function and thermodynamics

Constructing EoS with QCD phases

Mass and radius relation, twins and triplets

Tidal deformabilities of QCD matter

Rapidly rotating stars with quark cores
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