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Quarks
symbol name electrical charge mass
u up +2/3 0.31GeV
d down -1/3 0.31 GeV
c charm +2/3 1.6 GeV
s strange —-1/3 0.5 GeV
t top +2/3 17.5 GeV
b bottom —1/3 4.6 GeV
Baryons
n=(ddu), p= (uud), (1
20 = (uds), S = (uus), T =dds A = (uds), 2)
Mesons
77 = (ady, w7 = (ud). 3)
K= (ds), K" =(w), K~ = (us). @
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At sufficiently high density the nucleonic matter with make a transition to the quark matter

state (deconfinement)

@ High-temperature QGP
phase is probed in heavy ion
colliders

@ Low-density
low-temperature nucleonic
matter in nuclei and
low-densities of neutron
stars

@ Low-temperature high
density phase of dense
matter may be in the quark
state (compact stars)

)
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Thermodynamics
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Equation of
state

NJL model of
QCD and
hybrid stars
Constructing
EoS

Rapidly rotating
hybrid stars

The standard model and QCD

Internal structure of a compact star

Outer crust r< 13 km
relativistic electrons, nuclei

p=0.5p,

sat
Inner crust r<12km
neutron-rich nuclei,
pasta phases, unbound

neutrons, electrons
P = Pgat

Outer core r< 10 km
neutrons, protons,

electrons and muons pP>20p,
sa

Inner core r<6km
Full baryon octet of spin-1/2 baryons, non-strange spin-3/2 Delta-resonances,
mesonic Bose condensates, color superconducting phases of dense quark matter
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The Lagrangian of QCD is written for 1, = (14r, Vg0, qu)T as
o . . 1
Locp = hg(iv*) (D)l — mggibei — ZFZVF“‘“’ 2

[—
quarks gluons(Yang —Mills)

where (Dy,)jj = 60, — igstA}, , and FFY = OHAY — 0" AH — 2g(AH x AY)

covarinat derivative gluonic field (Yang—Mills) field tensor

SOME METHODS
quark-gluon LQCD

T plasma

XPT
T.

NJL-like

colour
superconductors

{WCysv)

CFL
'Compact Stars He
-
(Yo2359) = Bsina
($v) = Beosa Picture courtesy: M. Mannarelli
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The Lagrangian of QCD is

= ] = 1
£ = By Dp)i = myBigba = T FuF™ ®

where WI denotes a quark field with (fundamental) colour index i,

Yg = (Vgr, , qu)T, ~# is a Dirac matrix that expresses the vector nature of the strong
interaction, with p being a Lorentz vector index, mg allows for the possibility of non-zero
quark masses (induced by the standard Higgs mechanism or similar), F% , is the gluon
field strength tensor for a gluon with (adjoint) colour index a (i.e.,a € [1,...,8]), and D,,
is the covariant derivative in QCD,

(Du)ij = 5,'ja'u — igxt::liA‘L 9 (6)
with g, the strong coupling (related to a5 by g_% = dray), A‘ZL the gluon field with colour

index a, and % proportional to the hermitean and traceless Gell-Mann matrices of SU(3).
The field tensor of the gluonic Yang-Mills field is given by

8
FIY = OFAY — 9V AM — 2g(A* x AY) (A x B); = > _ fixAiBx @)
k=1

fijk are structure constant of SU(3).
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These generators are just the SU(3) analogs of the Pauli matrices in SU(2). By
convention, the constant of proportionality is normally taken to be

1
=X ®)

This choice in turn determines the normalization of the coupling gs and fixes the values of
the SU(3) Casimirs and structure constants. #;; proportional to the hermitean and traceless
Gell-Mann matrices of SU(3)

01 0 0 —i 0 1 0 0
AM=11 0 0] X=[|i 0 o]X=]|0 -1 0
0 0 0 0 0 0 0 0 0
0 0 1 0 —0 —i
XM=l0o 0o o] X=[0o 0 o
1 0 0 i 0 0
0 0 0 0 0 0 L (1 0 0
XN=[0 0 1 N=[0o 0 —i] X=—10 1 0] ©®
01 0 0 i 0 V3lo o —2

We have six replicas of Lagrangian for each quark flavor (differing by mass).
Each of the Lagrangians is invariant under SU(3) gauge transformations and describes
three equal mass fields of different color (say, red, green, blue).
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In color space the one-gluon quark interaction has an attractive component

N2

N( +1 N, — 1
Z hity = — — N ———— (0 — ducdjp) + ;Tc(éjkéil — 6idjr)

attractive repulsive

Because of attractive interaction quarks form Cooper-pairs:

The symmetry requires that for J/ = 0 (spin-zero pairs with zero angular momentum) need

to quark of different flavor and different color

A{‘,g = e Ay, (1>1g = ’YSA

This is the 2SC phase. Only red-green quarks are paired, blue quarks are unpaired. In a

superconductor the quasiparticle spectrum is given by

Ep =/ (& —ep)? + A2, Ap =3A. (12)
In the three-flavor case color-flavor-locked (CFL) phase is realized
A = epdtAl, Al =0tA  OF = Al (13)
.

(10)

an
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To obtain the spectrum in a simple form allow for small sextet gaps:

Al = A5 5868 — 650T) + N 6(0[8F — 5360), AF = A[[58 + Aj5EH14)

Al =A055+8¢6 Ay =—-A335+ A

Color projectors

1
[PYS = ~o8f,  [PIfy

1
379 i = 5(5’75fg - 52?‘5.{)7

' 1 - 1 -1
[P3)ff = — 606167 + ~886] — ~8l65, S P.=1, PiPj=5;P;. (17)
ij 2 u g PR 30 = o= L)

N e orthogonality

normalization

3
1 .
Af;é’ = APJE = §(A1 +A2)5{5f — D888, Dy=—D
n

5)

(16)

18
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Thermodynamics of QCD

Partition function of QCD at finite density/temperature:

—. N . 1
L = P (iy* Dy + firyo — i) — ZF[I“’G‘ZW, FIY = 0,A% — DA, + gf " Ab AC,, (19)
1 4N¢Ny-spinor, Dy, = 0y, + igT,A%, Az gauge fieldsand 7% = \*/2 (a = 1,...,8)

generators of SU(3)..
Partition function in terms of fields 1/ (x)

z = [ DoDvew (sl v + S5l (20)
Free part
_ _ —1
slpel = [arar@ [6F] wnwo), @y

Interaction part

2
sii0] = & [aa S d0rte@ w)inriee). @
a,b
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Consider Ny = 2 and N, = 3; define the basis

core-collapse = = =g =y =8 =y =

", = (e, O, P B o, P 23)
Lecture 2: QCD

S Consider a local transformation on quark fields given by
A Sedrakian
Y = e 00, P e, 24

E— and special case 0(x) = Q,x* /2, O = (0, Q). Quark Green’s function becomes
Partition
function of ~ -1
fermionic fields [G(T:I (x’ y) = [G(‘)"] =1 (x’ y) S ’yﬂau@(y) . (25)

Momentum space

[GE]~! = 4# (£0p/2 + k) £+ pryo — m. (26)

14/55



Equation of
state for binary
neutron star
mergers and
core-collapse
supernovae:
Lecture 2: QCD
phases

A Sedrakian

Exercise:
Partition
function of
fermionic fields

Thermodynamics of QCD

Bosonize the action

(x,y) =& > Th{c®)db0))TE DL, (x,y),
a,b

Nambu-Gorkov spinor fields

Full propagator/self-energy

o~

ot
GO
Ft

F- q( 5t A
& ) =la+ = )

Schwinger-Dyson equations

[Gi]—l

Ft

[Goi]_l + 3t _AF ([G(:)F]_l + 2*)

- ([G(ﬂ Ty E:F) - ALGE,

—1

Ai

(€2))

(28)

(29

(30)

(€1

1553
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Partition function in the mean field approximation:

RV
G = [detk(ﬁg )]
x I'a d*kd*p
P |28v | (2n)
G = g (082,684,030, 9%)

The gap functions, in the basis (37), are given by

0 0 0 Af
+
0 0 Af o0
A% 0 AF 0 o0
AE 0 0 0
0 0 0 0
0 0 0 0

A (K) = nf 2 (A (K),

S oo O oo

> T [GTWTLG )T ] Dt k= p) |+
a,b

S oo O oo

(32)

(33)

(34)
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The full anomalous propagator

core-collapse o]
supernovae: 0 0 0 F rg 0 0
Lecture 2: QCD 0 0 Firgu 0 0 0
hases
e | 0 FR o 0 0 0 )
A Sedrakian ijg‘iu 0 0 0 0 0 ’
0 0 0 0 0 0
0 0 0 0 0 0
Exercise:
Partition
function of +ud __ Fu A+ ~Fd +du Fd A+ ~tu
fermionic fields F rg - _Go r Al GO g’ F rgu = _GO ) AZ GO g’ etc (36)

The quasiparticle spectrum is determined from

=i =il
(657) ™ (G57) ™ — WPk =0, EX(nf) = EaeJE, + i,
e

ES,€(|k|’ |Q‘7 97[")2 = (‘k| - eﬁ)z ) EA,e(‘Q‘)075)u‘) = 51“‘ + €|Q‘ cos 67 (37)
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Integrate out gluons:

where A is a characteristic momentum scale. The partition function becomes

the first term red-green quark condensate:
3 A?
g?ﬁvz |7In |2 +3 Z ’W;F +)
n
1 &k
+ e —
52 [ et o) — £ i)

+2In [£~1 (~EF ()] + 20 [~ (—B2 G

nZg: =
Blue quarks:
InZye =2V /

Dah — 61117 8pv

InZpr = InZ4 + nZYE,

(33)

(39

(40)

(41

&F (&, uh,f))] +1In [f_l (=& (&, ub,f))] }

18/
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of QCD

Equation of state
The thermodynamic potential is obtained from the log of the partition function as
Q ! In Z (42)
=——In .
MF VB MF

The stationary point(s) of the thermodynamic potential determine the equilibrium values of
the order parameters

OOMF 0 OvF 0 OOmF
o T ong el

“43)

The direction of the vector Q is chosen by the superconductor spontaneously. Densities of
quarks

S, EE L (44)
Opu Opta

The pressure is obtained then from the thermodynamics formula

p=59 45)

19858
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Equation of state

Under stellar conditions impose color and electric charge neutrality and conservation of
baryon number.
The total densities of up and down quarks are

ng = n;g + ng, 46)

e = n¥4+nb. 47)
The baryon density is

ng = HTW (48)

The electrical and charge neutrality require, respectively,

2 1
> 0.=0 — JmT 3 e = 0, 49)
>0 =0, - nf+nEF-2b-21b = o (50)
v
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NJL model of QCD and hybrid stars

Equation of - N 3

state for binary Color-superconductivity within the NJL model
neutron star
mergers and

core-collapse
supernovae:
Lecture 2: QCD _ _ 8 _ _
phases Ly = P(* 0 — )y + Gy (%iv"¥)> + Gs > _[($Aath)? + (DivsAat)) *]
A Sedrakian T vector a=0
scalar—pseudoscalar
+ Gp Z [J)g s S €abe (wC)%] [(J)C)rpi’YS @ Er.vcwg]
¥,¢
pairing
— K {det;[(1 + v5)9] + detr[¢(1 — 75)¥]},
t/Hooft interaction
Equation of
state v

- quarks: ¢, color a = r, g, b, flavor (o = u, d, 5); mass matrix: /i = diagf(mu, my, my);
- other notations: Mg, a = 1, ..., 8, ¢ = CT and e = YT C, C = iy?40.

Parameters of the model:

- Gy the scalar coupling and cut-off A are fixed from vacuum physics
- Gp is the di-quark coupling ~ 0.75Gg (via Fierz) but free to change
- Gy and py are treated as free parameters
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NJL model of QCD and hybrid stars

QCD interactions pairing interactions and gaps

A o (0195095, 10)

- Symmetric in space wave function (isotropic interaction)

- Antisymmetry in colors a, b for attraction

- Antisymmetry in spins o, 7 (Cooper pairs as spin-0 objects)
- Antisymmetry in flavors «, 8

2SC phase:

Low densities, large m; (strange quark decoupled)

A(2SCs) o AePens  du < A,

Crystalline or gapless phases:

Intermediate densities, large m; (strange quark decoupled)

Alcryst.) o< €480 07 op > A,

CFL phase:

High densities nearly massless u, d, s quarks

A(CFL) <0|¢ZLL¢?3L|0> = _<0|¢ER¢];3R‘O> = AfabcAEa/BC-

)

Ev)
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hybrid stars

Constructing EoS

EOS including (hyper)nuclear, 2SC and CFL phases of matter

Choose Maxwell (large surface tension) or Glendenning (low surface tension)
constructions. Matching condition for Maxwell is simply

Py(ps) = Po(us),

i.e., with low-density nuclear and high-density quark phases

— P,=25p, 1
G,/G=0 P30, G/G=02
r L Y

4x10”

— 2x10™

P [dyn/cm’

O pao® 20”0 1xi0” 2xa0”
pleg/em’]
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Constructing EoS

Synthetic equations of state with constant speed of sound

=1
Z CFL
=
[-»
Ag,
——
)
2SC
Ag,
R
nuclear, AEQSC
Energy
€ & density

@ Instead of full NJL-model EoS with 2SC-CFL transition use synthetic EoS
@ Realistic DD-ME2 EoS below the deconfinement (Colucci-Sedrakian EoS)

@ Parametrize synthetic EoS via Constant Speed of Sound (CSS) parameterization
(Alford-Han-Prakash 2013), also Haensel-Zdunik (2012).
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Constructing EoS

Equation of

waehorbnay  Equilibria of compact objects

neutron star

mergers and 150 The Equilibrium and Stability of Fluid Configurations

core-collapse

supernovae:
Lecture 2: QCD ¢

phases .
1.5 first family second family ) ,
A Sedrakian third family
E
Mo
My what’s then...
o5l
| :
L | | ]
10° 19" 10 0%
pe lgcm™3)
Figure 6.2 Schematc diagram showing the turming points in the mass versus central density diagram
lor equilibrium configurations of cold matter.

NJL model of S. Shapiro, S. Teukolsky, “Black holes, White dwarfs and Neutron Stars”
QCD and
hybrid stars

-White dwarfs -first family, M < 1.5M, [S. Chandrasekhar, L. Landau (1930-32)]
-Neutron Stars - second family, M < 2M ), [Oppenhimer-Volkoff (1939)]

-Hybrid Stars - third family, M < 2M ), [Gerlach (1968), Glendenning-Kettner (2000)]
- Fourth Family? M. Alford and A. Sedrakian, Phys. Rev. Lett. 119, 161104 (2017).
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Constructing EoS

Phase diagram in M-R space

Phase diagram for hybrid star branches in the mass-radius relation of compact stars. The
left panel shows schematically the possible topological forms of the mass-radius relation
in each region of the diagram. [M. Alford, S. Han, M. Prakash, Phys. Rev. D 88, 083013

(2013).]

Ntrans/No
20 3.0 4.0 50 Nowa 6.0
T T T T T T
1.2 '|
i
1 '
g o D !
£ =<
W i 0.8
2 .
€ 0.6 ey
< - R, "\
4 o4 =\ C
0.2]
0
Rrans/ Eans 0 0.1 0.2 d (:/i 0.4 0.5
'tran: trans

Criterium for having a twin confirguation

Aegit _ 1 Eptrans

Etrans 2 2 Etrans
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Constructing EoS

The EoS is analytically given

P, g1 <e<e+Ag
=17 +s1e— (e1+Ae))], e+le<e<e
P B P2, e <e<ey+Ag

P2+ sle— (e2+Ae)], &> e+Aes.

Need to specify:

the two speeds of sounds: s; and s,

the point of transition from NM to QM ¢, P;

the magnitude of the first jump Aeg;

the size of the 2SC phase, i.e, the second transition point €5, P>

the size of the second jump Aes
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Constructing EoS

Varying parameters of EoS with sequential phase transition

P [cgs units]

P [cgs units]

14%10%

1.2¥10

110 L
8410™ L
6+10% |-

4%10%

2%10%

14410 |

12%10%

1#10% L
8410 L

6+10
4#10%
2+10%

36

5%10

14

1510 15%10°  2#10"

e[gem]

25410° 5410 1410 15%10°  2#10" 2510

e[gem™]
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Constructing EoS

.... and resulting topologies of sequences

208
2.06
204
202
g 200
198
1.96
1.94
1.92
1.90
208
2.06
204
202
g 200
1.98
1.96
1.94
1.92
1.90

1=0.10 ——
r=0.17
=023

=030 - o s
1

r=0.10 ——
r=0.17
r=0.23

=030 - oo
1

1#10"

15410 2%10"

e[gem]

25410°

1#10"

15410 2#10"°

e[gem™]

2.5%10"
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Constructing EoS

202

201 I Agy/Ag; =0.10

200 |-

M/M,,
=
=]

T

198
0.30

197 | .

1.96 1 1 1 1 1 1 1

2 4 6 8 10 12 14
P, [10% dyn cm™2]

The stellar mass as a function of the star’s central pressure for four different values of Ae,.
The other parameters of the EOS are fixed at P; = 1.7 x 10*> dyncm =2, 5; = 0.7,
Aessc/e1 = 0.27, Aey /ey = 0.6, and s, = 1. The vertical dotted lines mark the two
phase transitions at P and P,. Stable branches are solid lines, unstable branches are
dashed lines. We see the emergence of separate 2SC and CFL hybrid branches along with
the occurrence of triplets.
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Constructing EoS

.... and resulting topologies of mass-radius relations

208
2.06
204
202
2.00
198
1.96
1.94
192
208

1.96

194
192

[ r=023 h
=030 T T
! A . . . L ! A . . . .
100 105 110 115 120 125 130 100 105 110 115 120 125 130
R [km] R [km]
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Constructing EoS

202

201 L Aey/Ae, =0.10

2.00 |-

M/M,,
=
=]

T

198 -

197 | .

1.96 1 1 1 1 1 1 1

1050 1100 1150 1200 1250 1300 1350
R [km]

The M-R relations for the parameter values defined above . We have fixed the properties of
the nuclear — 2SC transition and the speed of sound in 2SC and CFL matter. For the 2SC
— CFL transition we have fixed the critical pressure and we vary the energy-density
discontinuity Ae;. The separate 2SC and CFL hybrid branches are clearly visible, along
with the occurrence of triplets.
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Profiles of triplets stars (same mass)

36
34
32
30
28
36
34
32
30
28
36
34
32
30
28

log P(r)

00

The profiles (here the log of pressure as a function of the internal radius) of the three

Constructing EoS

28C

MMy=1975

20

40

6.0

r [km]

80

100

120

members of a triplet with masses M = 1.975 M. Here “N” means the nuclear phase. The

parameter values are as above, with Aey /Ae; = 0.23.
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Constructing EoS

Stability range

A&l /61
Aey/Ae; 04 0.5 0.6 0.7
0.1 S, S S, S us, s U, us
~—~ ~~
N-25C N-CFL
0.2 S, S S, S us, us U, us
~—~
triplet N-CFL
0.3 s, s s, s us, us U, us
—~— ~—
N-2SC;N-CFL  N-CFL
0.4 S, S S, Us us, u u,u
~—~ ~—~
2SC-CFL N-28C
0.5 S, 8 S, Us us, u u,u
~—~ ~—
2SC-CFL N-25C

In each entry stable/unstable branches are referred by s/u, the 2SC and CFL phases are
separated by comma, and the pressure increases from left to right. The presence of twin
hybrid configurations or triplet configurations is marked by the underbraces with
information about the involved phases (“N”” means nuclear).
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Lower mass triplets

2.10

205

Ag,y/Ag, =0.10

9.50 10.00 10.50

11.00

11.50
R [km]

12.00

@ Low-mass triplets via early transition NM— QM

@ Still 2-solar mass members possible but only with the NM-2SC-CFL composition

12.50

13.00
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P| @ =
DS
N \ 7 \ M:ax
8. S\ ]
Mo >
Triplets
[ Y S \
Mo
<
B M,
M : (b)
€ R

Left: EoS with two sequential phase transitions. Right: Mass-radius relationships,

emergences of minima in the function M (R).

Case when NY A-matter makes a first order phase sequential transitions to various generic
new phases (we had in mind phases of color superconducting phases).

p(e) =

pP1,
p1+si[e — (e1+Ae))],
P2,
P2+ s2e — (e24+Ae)],

g1 <e<e+Ag
e1+lAe <e< g
ey <e<ert+Ae;
€ > er+Aes.
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L L L
12.0 125 13.0
R [km]

MM]

MR relation (a) and deformabilities (b) for hybrid stars with a single phase transition(s). J
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MR relation (a) and deformabilities (b) for hybrid stars with a double phase transition(s). J
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TABLEIL  Source properties for GW170817: we give ranges encompassing the 90% credible intervals for different assumptions of the
waveform model to bound systematic uncertainty. The mass values are quoted in the frame of the source, accounting for uncertainty in

the source redshift.

Low-spin priors (|y| < 0.05)

High-spin priors (|| < 0.89)

Primary mass m;

Secondary mass m,

Chirp mass M

Mass ratio m,/m,

Total mass my

Radiated energy E,q

Luminosity distance Dy

Viewing angle ©

Using NGC 4993 location .
Combined dimensionless tidal deformability A
Dimensionless tidal deformability A(1.4M )

1.36-1.60 M,
1.17-1.36 M,
11881399 M
0.7-1.0
274398 M
> 0.025M o c?
40*3, Mpe
<55°
<28
<800
<800

1.36-2.26 M,
0.86-1.36 M,
118810509 M
04-1.0
282504 M,
> 0.025M ,c*
40*%, Mpe
<56°
<28°
<700
< 1400

<005

More Compact

0 500 1000 1500 2000
A

2

5

00

3000

More Compact

750 1000

1250
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. .
o0 98 200 400 600 800 1000
A (M)

.

T
>1.40F

=136

Lo -
Mmax/er—l.40 1.32

a) Tidal deformabilities of compact objects in the binary with chirp mass M = 1.186M,
(b) Prediction by an EoS with maximal hadronic mass MIL, = 1.365M¢. The inset shows

the mass-radius relation around the phase transition region. The circles M, are two
possible companions for circle M, generating two points in the Aj-A, curves while one
point is located below the diagonal line.
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o 1.2 NYA @ A

o Lus—ra . . .
o 98 200 400 600 800 1000
A (M)
5200 i —,1.368 I
i =
2500

i
i = 1.362
v —

2000 |- Mii./M =1.365

1.356
12.2

< 1500
<

1000 el
500
b))
o L L L L
[} 200 400 600 800 1000

The case of double phase transition a) Tidal deformabilities of compact objects in the

binary with chirp mass M = 1.186M (b) Prediction by an EoS with maximal hadronic

mass M = 1.365M¢,. The inset shows the mass-radius relation around the phase
transition region. The circles M, are two possible companions for circle M, generating
two points in the Aj-A; curves while one point is located below the diagonal line.
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1000 T T T T 1000 T T T T
v 14
NY . 7

600 ez s

\

Mass weighted deformability vs. mass asymmetry for a binary system with fixed chirp
mass M = 1.186M, predicted by a range of hybrid EoS with single phase transition and
various values of MY, . The error shading indicates the constraints estimated from the

GW170817 event and the electromagnetic transient AT2017gfo.
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Summary of topics covered in Lecture 2

QCD phases at large densities and low temperatures
QCD partition function and thermodynamics
Constructing EoS with QCD phases

Mass and radius relation, twins and triplets

Tidal deformabilities of QCD matter

Rapidly rotating stars with quark cores
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