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2Plan

• Lattice QCD Basics: Why Lattice QCD, different lattice actions, continuum limit, 
scale setting.

• Equation of State at : Properties of strong interaction matter at the QCD 
crossover, approach to the perturbative limit at high T, effective description 
through Hadron Resonance Gas at low T.

μ = 0

• Cumulants of conserved charge fluctuations: The Equation of State at , 
probing the hadronic mass spectrum, melting of mesons, critical behaviour and 
the search for the QCD critical point

μB > 0

• The QCD Phase diagram: The chiral phase transition, The Roberge-Weiss 
Transition, Lee Yang edge singularities.
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6Quantum Chromodynamics

• A (non-abelian) gauge theory of quarks, gluons, and their interactions, gauge 
group is  with . SU(Nc) Nc = 3

• The Lagrange density is given by 

Field strength tensor 
Fa

μν = ∂μAa
ν − ∂νAa

μ + gf abcAb
μ Ac

ν

Gauge field Aa
μ

Spinors:  (Quarks) 
                (Anti-Quarks)

ψ ≡ ψ f,c,α

ψ̄ ≡ γ0ψ†

Covariant Derivative 
Dμ = ∂μ − igTaAa

μ

 (flavor-indices) 
        (color-indices) 

    (Dirac-indices)

f = u, d, s, …
c = 1,2,3
α = 0,1,2,3

<latexit sha1_base64="0sDHfYczW8Vn5CprPJ1gV4LE/As="></latexit>
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7Quantum Chromodynamics

• A (non-abelian) gauge theory of quarks, gluons, and their interactions, gauge 
group is  with . SU(Nc) Nc = 3

• The Lagrange density is given by 

- No dimensionfull parameter, the 

bare coupling is defined as  ᾱs =
g2

4π

- A scale  is developed via “dimensional transmutation” 
[Coleman, Gross, PRL 31, 851 (1973)]

μ

<latexit sha1_base64="0sDHfYczW8Vn5CprPJ1gV4LE/As="></latexit>
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8The Running Coupling

• In perturbation theory the UV divergencies need to be subtracted (regularisation), 
which is done at the (arbitrary) scale .μ

• The purpose of making  scale-dependent is to transfer to  all terms involving 
 in the perturbative series of any dimensionless observable .

ᾱs ᾱs
μ R

- Observables should not depend on .μ
- Idea: make  scale dependent (running coupling). ᾱs

<latexit sha1_base64="5+hjCd8itdoKhDkc8cIRw4ssAy8="></latexit>

0 = µ2 d

dµ2
R(Q2/µ2, ↵̄s(µ))

=


µ2 @

@µ2
+ µ2@↵̄s

@µ2

@

@↵̄s

�
R(Q2/µ2, ↵̄s(µ))

Callan-Symanzik relation

β(ᾱs)
Beta-function

[Callan, PRD 2, 1541 (1970); 
Symanzik, Commun. Math. Phys. 18, 227 (1970); 
Commun. Math. Phys. 23, 49 (1971)]



9The Running Coupling 
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• Callan-Symanzyk relation can be solved 
in perturbation theory, the exact 1-loop 
solution is  

- Feature of the perturbative solutions: 
appearance of (unphysical) Landau 
Pole at , signals breakdown of 
pQCD.

Q = Λ

<latexit sha1_base64="5DpMqF1OzgapMGHaIfFDyqPrUwY="></latexit>

↵s(Q
2) =

4⇡

�0 ln(Q2/⇤2)

- Scale parameter  is scheme 
dependent.

Λ

- Scale  MeV is often 
associated with the confinement scale 
or hadronic mass sale. 

ΛM̄S ≈ 340 [Deur, Brodsky, de Teramond, Prog. 
Part. Nucl. Phys.90 (2016) 1-74]

- pQCD could work for  (at high 
T the situation is more complex).

Q ≫ Λ



10Why Lattice QCD?

QCD exhibits important non-perturbative phenomena, some examples: 

• Long distance properties: we have r ∼ Q−1

- Confinement - Screening 

Flux tube

Potential: V(r) = −
4
3

αs

r
+ σr

Ground state: hadrons 

baryon meson 

3

scale we use the string tension, σa2, measured in units
of the lattice spacing, obtained from the large distance
behavior of the heavy quark potential calculated from
smeared Wilson loops at zero temperature [30]. This is
also used to define the temperature scale and a

√
σ is

used for setting the scale for the free energies and the
physical distances. For the conversion to physical units,√
σ = 420MeV is used. For instance, we get Tc = 202(4)

MeV calculated from Tc/
√
σ = 0.48(1) [30]. In parts of

our analysis of the quark anti-quark free energies we are
also interested in the flavor and finite quark mass depen-
dence. For this reason we also compare our 2-flavor QCD
results to the todays available recent findings in quenched
(Nf=0) [12, 20] and 3-flavor QCD (mπ/mρ " 0.4 [33])
[34]. Here we use Tc = 270 MeV for quenched and
Tc = 193 MeV [34] for the 3-flavor case.

Our results for the color singlet quark anti-quark free
energies, F1, and color averaged free energies, Fav, are
summarized in Fig. 1 as function of distance at several
temperatures close to the transition. At distances much
smaller than the inverse temperature (rT # 1) the dom-
inant scale is set by distance and the QCD running cou-
pling will be controlled by the distance. In this limit
the thermal modification of the strong interaction will
become negligible and the finite temperature free energy
will be given by the zero temperature heavy quark poten-
tial (solid line). With increasing quark anti-quark sep-
aration, however, thermal effects will dominate the be-
havior of the finite temperature free energies (rT $ 1).
Qualitative and quantitative differences between quark
anti-quark free energy and internal energy will appear
and clarify the important role of the entropy contribu-
tion still present in free energies. The quark anti-quark
internal energy will provide a different look on the inter-
quark interaction and thermal modifications of the finite
temperature quark anti-quark potential. Further details
of these modifications on the quark anti-quark free and
internal energies will be discussed.

This paper is organized as follows: We start in sec-
tion II with a discussion of the zero temperature heavy
quark potential and the coupling. Both will be calcu-
lated from 2-flavor lattice QCD simulations. We ana-
lyze in section III the thermal modifications on the quark
anti-quark free energies and discuss quarkonium binding.
Section IV contains our summary and conclusions. A de-
tailed discussion of the quark anti-quark internal energy
and entropy will be given separately [35].

II. THE ZERO TEMPERATURE HEAVY
QUARK POTENTIAL AND COUPLING

A. Heavy quark potential at T = 0

For the determination of the heavy quark potential at
zero temperature, V (r), we have used the measurements
of large smeared Wilson loops given in [30] for the same
simulation parameters (Nf=2 and ma = 0.1) and action.
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FIG. 2: (a) The heavy quark potential at T = 0 from [30]
obtained from 2-flavor QCD lattice simulations with quark
masses ma = 0.1 for different values of the lattice coupling β.
Fig. 2(b) shows an enlargement of the short distance distance
regime. The data are matched to the bosonic string potential
(dashed line) at large distances. Included is also the fit to the
Cornell form (solid line) given in Eq. (4). Note here that the
heavy quark potential from quenched lattice QCD and the
string model potential coincide already at r

√
σ >∼ 0.8 [36, 37]

(r >∼ 0.4 fm).

To eliminate the divergent self-energy contributions we
matched these data for all β-values (different β-values
correspond to different values of the lattice spacing a) at
large distances to the bosonic string potential,

V (r) = −
π

12

1

r
+ σr

≡ −
4

3

αstr

r
+ σr , (1)

where we already have separated the Casimir factor so
that αstr ≡ π/16. In this normalization any diver-
gent contributions to the lattice potential are eliminated
uniquely. In Fig. 2 we show our results together with the
heavy quark potential from the string picture (dashed
line). One can see that the data are well described by
Eq. (1) at large distances, i.e. r

√
σ >∼ 0.8, corresponding

[Kaczmarek, Zantow, PRD 71 (2005) 114510]

At hight T, vacuum polarisation 
modifies the short distance part 
of the potential  

−
4αs

3r
→

4αs(T )
3r

e−rmD(T) 11
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FIG. 9: The color singlet free energy versus rT obtained from
lattice calculations in 2-flavor QCD at several temperatures
above deconfinement.

of the large distance part of the color singlet free energies,
i.e. we used fit functions with the Ansatz

F1(r, T ) − F1(r = ∞, T ) = −
4a(T )

3r
e−m(T )r, (23)

where the two parameters a(T ) and m(T ) are used to
estimate the coupling α(T ) and the Debye mass mD(T ),
respectively. The fit-range was chosen with respect to
our discussion in Sec. III C, i.e. rT >∼ 0.8 - 1, where we
varied the lower fit limit within this range and averaged
over the resulting values. The temperature dependent
coupling α(T ) defined here will be discussed later. Our
results for the screening mass, mD(T )/T , are summa-
rized in Fig. 10 as function of T/Tc and are compared to
the results obtained in pure gauge theory [20]. The data
obtained from our 2-flavor QCD calculations are some-
what larger than in quenched QCD. Although we are not
expecting perturbation theory to hold at these small tem-
peratures, this enhancement is in qualitative agreement
with leading order perturbation theory, i.e.

mD(T )

T
=

(

1 +
Nf

6

)1/2

g(T ) . (24)

However, using the 2-loop formula (16) to estimate the
temperature dependence of the coupling leads to signif-
icantly smaller values for mD/T even when setting the
scale by µ = π which commonly is used as an upper
bound for the perturbative coupling. We therefore fol-
low [19, 20] and introduce a multiplicative constant, A,
i.e. we allow for a non-perturbative correction defined as

mD(T )

T
≡ A

(

1 +
Nf

6

)1/2

g2−loop(T ) , (25)

and fix this constants by best agreement with the non-
perturbative data for mD(T )/T at temperatures T >∼ 1.2.
Here the scale in the perturbative coupling is fixed by
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FIG. 10: The non-perturbatively defined screening masses
from the large distance behavior of F1(r, T ) calculated using
163 × 4 lattices as function of temperature in 2-flavor QCD
(filled circles) and in pure gauge theory (open squares [20])
using 323 × 4 lattices. The solid lines show the fit given in
Eq. (23) with the corresponding error band (dotted lines).

µ = 2π. This analysis leads to A = 1.417(19) and is
shown as solid line with error band (dotted lines). Simi-
lar results were already reported in [19, 20] for screening
masses in pure gauge theory. Using the same fit range,
i.e. T = 1.2Tc − 4.1Tc, for the quenched results, we ob-
tain A = 1.515(17). To avoid here any confusion concern-
ing A we note that its value will crucially depend on the
temperature range used to determine it. When approach-
ing the perturbative high temperature limit, A → 1 is
expected.

It is interesting to note here that the difference in
mD/T apparent in Fig. 10 between 2-flavor QCD and
pure gauge theory disappears when converting mD(T )
to physical units. This is obvious from Fig. 11 which
shows the Debye screening radius, rD ≡ 1/mD. In gen-
eral rD is used to characterize the distance at which
medium modifications of the quark anti-quark interac-
tion become dominant. It often is used to describe the
screening effects in phenomenological inter-quark poten-
tials at high temperatures. From perturbation theory one
expects that the screening radius will drop like 1/gT . A
definition of a screening radius, however, will again de-
pend on the ambiguities present in the non-perturbative
definition of a screening mass, mD(T ). A different quan-
tity that characterizes the onset of medium effects, rmed,
has already been introduced in Sec. III C; this quantity
is also expected to drop like 1/(gT ) at high tempera-
tures and could be considered to give an upper limit for
the screening radius [20]. In Fig. 11 we compare both
length scales as function of temperature, T/Tc, and com-
pare them to the findings in quenched QCD [12, 20].
It can be seen that in the temperature range analyzed
here rD(T ) < rmed(T ) and no or only little differ-
ences between the results from quenched (Nf=0) and full
(Nf=2,3) QCD could be identified. Again we stress that

[Kaczmarek, Zantow, PRD 71 (2005) 114510]

T = 0



11Why Lattice QCD?

QCD exhibits important non-perturbative phenomena, some examples: 

• Chiral symmetry breaking: in the chiral limit the QCD Lagrangian is invariant 
under separate unitary rotations of left- and right handed quarks

    and        with    ψL → eiθa
LTaψL ψR → eiθa

RTaψR ψR,L =
1 ± γ5

2
ψ

The symmetry  decomposes into UL(Nf ) × UR(Nf )
SUL(Nf ) × SUR(Nf ) × UV(1) × UA(1)

Axial anomaly, broken 
by quantum effects

Baryon number conservation 

spontaneously broken to  
 at low TSUV(Nf )

- mass term introduces explicit symmetry breaking 

- remaining approximate symmetry explains observed patterns in 
the mass spectrum of hadrons (Goldstone bosons, chiral partners)

- Weak coupling expansion is an expansion around the wrong vacuum

- Chiral perturbation theory is an effective description 



12Why Lattice QCD?

QCD exhibits important non-perturbative phenomena, some examples: 

• Topology: Gauge fields can have non-trivial topology, i.e. non-trivial winding 
number, different vacua with different topology are separated by a potential barrier

<latexit sha1_base64="GLYd6/PlbWQUVVZjNjdgkgpjlf4="></latexit>

L = LQCD � ✓
nfg2

32⇡2
F a
µ⌫F̃

µ⌫
a

VG

θ0 1 2-1-2 3

Instanton

Toy model in QM 
V(x) = λ(x2 − 1)2

- Perturbation theory completely misses the 
level splitting due to Instanton solutions

ΔE =
6S0

π
ωe−S0, S0 =

ω3

12λ

- In QCD Instantons induce the chiral 
anomaly 



13The Path Integral

• It focusses in the action, rather than the Hamiltonian (Time is put on equal footing 
with space, relativistic symmetries become manifest. 

• Operators are eliminated and QFT is mapped to a classical statistical system.

• It allows for a more efficient organisation of perturbation theory.

• It goes back to Feynman (1948).

Lattice QCD if formulated as a numerical calculation of the path integral

t

xi

xf

x

ti tf

< f |e− i
ℏ (tf−ti)Ĥ | i > = ∫

q(tf )=xf

q(ti)=xi

𝒟q(t) e
i
ℏ S[q]

Transition amplitudes in QM as weighted sum 
over all paths connecting  and xi(ti) xf(tf )

S[q] = ∫
tf

ti

dt ℒ(q, ·q)

Classical action



14The Path Integral

Example: Path Integral in QM
• Start with discretising the time evolution 

Ĥ = K( ̂p) + V( ̂q)
G(y, t′ ′ ; x, t′ ) = < y |e− i

ℏ (t′ ′ −t′ )Ĥ |x > = lim
n→∞

< y |e− i
ℏ δt Ĥ⋯e− i

ℏ δt Ĥ |x >
n-times: δt = (t′ ′ − t′ )/n

• For small  we can use Baker-Campbell-Hausdorff δt eK+V ≈ eKeV(1 + 𝒪(δt2))

• Insert compete sets of position eigenstates every were

G(y, t′ ′ ; x, t′ ) = lim
n→∞ ∫ dz1⋯dzn−1 < y |e− i

ℏ δtKe− i
ℏ δtV |z1 > < z1 |⋯

= lim
n→∞ ∫ dz1⋯dzn−1 < y |e− i

ℏ δtK |z1 > e− i
ℏ δtV(z1) < z1 |⋯

⋯ < zn−1 |e− i
ℏ δtK |x > e− i

ℏ δtV(x)

⋯ |zn−1 > < zn−1 |e− i
ℏ δtKe− i

ℏ δtV |x >



15The Path Integral 

Example: Path Integral in QM

• Now insert complete sets of momentum eigenstates

G(y, t′ ′ ; x, t′ ) = lim
n→∞ ∫ dz1⋯dzn−1dp1⋯dpn−1 < y |e− i

ℏ δtK |p1 > < p1 |z1 > e− i
ℏ δtV(z2)

⋯ < zn−1 |e− i
ℏ δtK |pn−1 > < pn−1 |x > e− i

ℏ δtV(x)

= lim
n→∞ ∫ dz1⋯dzn−1dp1⋯dpn−1 < y |p1 > e− i

ℏ δtK(p1) < p1 |z1 > e− i
ℏ δtV(z2)

⋯ < zn−1 |pn−1 > e− i
ℏ δtK(pn−1) < pn−1 |x > e− i

ℏ δtV(x)

• Integrate over the momentum, using the overlap  and 
choosing  we obtain 

< z |p > = eipz / 2πℏ
K(p) = p2/2m

G(y, t′ ′ ; x, t′ ) = lim
n→∞ ( m

2πℏiδt )
n − 1

2

∫ dz1⋯dzn−1 e
i
ℏ Sn

Diverging Faktor! 
Still finite for finite n



16The Path Integral

Example: Path Integral in QM

… with  Sn =
n

∑
k=1

m
2δt

(zk − zk−1)2 − δtV(zk)

  = δt
n

∑
k=1

m
2 ( zk − zk−1

δt )
2

− V(zk)

and   lim
n→∞

Sn = ∫
t′ ′ 

t′ 

dt { m
2

·z2(t) − V(z(t))} = ∫
t′ ′ 

t′ 

dt ℒ(z(t), ·z(t)) q.e.d.

z0 = x, zn+1 = y

t

xi

xf

x

ti tft

xi

xf

x

ti tf

Discretized Path Integral Kontinuum 



17Imaginary time and thermodynamics 

y = z(tf ) = z(ti) = xSpecial case: periodic paths. Consider 

Z̃(t) = ∫ dx G(x, t; x,0) = ∫ dx < x |e− i
ℏ tĤ |x >and define 

• Insert energy eigenstates

Z̃(t) = ∫ dx∑
n

< x |e− i
ℏ tĤ |En > < En |x >

= ∑
n

∫ dx < x |En > < En |x > e− i
ℏ tEn

= ∑
n

∫ dx |ψn(x) |2 e− i
ℏ tEn = ∑

n

e− i
ℏ tEn = Tr e− i

ℏ tH

• Relation to the partition function in statistical mechanics

Z(T ) = ∫ Tre−βH = ∑
n

e−βEn, β ≡
1
T

 with Z̃(t) = Z(T ) t = − iℏ/T



18Wick rotation and Euclidean formulation 

Perform analytic continuation from real 
to imaginary time 

Complex time: t = | t |e−iθ

  S(z) = ∫
t

0
dt { m

2 ( dz(t)
dt )

2

− V(z(t))}
  ⇒ Sθ(z) = ∫

|t|

0
d | t | e−iθ { m

2
e2iθ ( dz(t)

d | t | )
2

− V(z(t))}
  = ∫

|t|

0
d | t | eiθ { m

2 ( dz(t)
d | t | )

2

− e−2iθV(z(t))}
• Euclidian formulation, rotate to imaginary time θ = π/2

  Sπ/2(z) = i∫
|t|

0
d | t | { m

2 ( dz(t)
d | t | )

2

+ V(z(t))} ≡ iSE(z)

Euclidean action 



19Wick rotation and Euclidean formulation 

• Euclidian formulation, rotate to imaginary time θ = π/2

  Sπ/2(z) = i∫
|t|

0
d | t | { m

2 ( dz(t)
d | t | )

2

+ V(z(t))} ≡ iSE(z)

Euclidean action 

   with     (imaginary time)Z̃(−iτ) ≡ ZE(τ) = Tre−τH/ℏ t = − iτ
- No oscillatory terms, convergence properties of integrals under control

- Probability interpretation:  e−SE(z) ≥ 0, e−τEn ≥ 0

• Euclidian path integral (now wet set )ℏ ≡ 1

ZE(τ) = ∫ dx∫
z(τ)=x

z(0)=x
𝒟z(τ) e−SE[z(τ)] = Tre−τH = ∑

n

e−τEn = e−τE0 (1 + ∑
n>0

e−τ(En−En))
Ground state: E0 = lim

τ→∞

1
τ

ln ZE(τ)

- The Euclidean path integral over all paths with period  is the partition function of 
a system at temperature 

τ
T = 1/τ



20Thermal and vacuum expectation values

• The probability density

PE =
1

ZE(τ)
e−SE(τ)

• Observable

< 𝒪 >τ =
1

ZE(τ) ∫τ
𝒟q(τ) 𝒪[q(τ)] e−SE[q(τ)]

• n-point functions

< 𝒪(τ1)𝒪(τ2)⋯𝒪(τn) >τ =
1

ZE(τ) ∫τ
𝒟q(τ) 𝒪(τ1)𝒪(τ2)⋯𝒪(τn) e−SE[q(τ)]

=
Tr T[�̂�(τ1)�̂�(τ2)⋯�̂�(τn)] e−τĤ

Tre−τĤ

=
Tr �̂� e−τĤ

Tre−τĤ

- all n-point functions can be mapped to a classical statistical system

< 𝒪(τ1)𝒪(τ2)⋯𝒪(τn) > = lim
τ→∞

< 𝒪(τ1)𝒪(τ2)⋯𝒪(τn) >τ

= < 0 |T[�̂�(τ1)�̂�(τ2)⋯�̂�(τn)] |0 >
vav

thermal

- this can be generalised to many d.o.f, i.e. to a (bosonic) QFT Time-
ordering



21Monte Carlo Integration 

• A suitable discretisation for the Euclidian action 
has to be chosen.

• The path integral is regularised by introducing 
a space-time grid with lattice constant . 

 .

a

∫ 𝒟ϕ → ∫
Nτ×Nd

σ

∏
n

dϕn

• The topology often resembles a torus.
τ = aNτ

V = (aNσ)d

• The number of integration variables is very high . A numerical 
integration is only possible since the Boltzmann factor  is very localised. 

∼ 106

e−SE

- Importance sampling is essential!

• Markov Chain Monte Carlo is used to approach the correct equilibrium distribution.
- For scalar and gauge theories several local update algorithms are known 

(Metropolis, heat-bath, micro-canonical, over relaxation, …).

= 1/T

< 𝒪 >τ =
1
N

N

∑
k=1

𝒪(ϕ(k))

- Periodic boundary condition in space 
are used to reduce finite size effects. 

Sum over all generated field 
configurations.



22Problems with Fermions

• For fermions we can also find a path integral representation.
- Important difference: Fermions require anti-periodic boundary conditions! 
- Example: the 1-particle Hamiltonian, derivation analog to the bosonic case

TrFe−βĤ1 = ∫ dη∫ dη̄∫
ψ(t)=−η

ψ(0)=η ∫
ψ̄(t)=−η̄

ψ̄(0)=η̄
𝒟ψ𝒟ψ̄ e−S = 1 + e−βω

Ĥ1 = ω ̂a† ̂a ⟷ Ĥ1 = ω
∂
∂z

z = ω − ωz
∂
∂z

with S = − ∫
β

0
dτ ψ̄(τ)(∂τ + ω)ψ(τ)

• Integrating out the Grassmann fields

- Action is bilinear in , perform (Gauss) integration ψ
bosonic fermionicd.o.f

1 ∫ dx e− 1
2 ax2 = 2πa−1 ∫ dzdz̄ e−z̄az = ∫ dzdz̄ (1 − z̄az) = a

n × n ∫
n

∏
i=1

dxi e− 1
2 xiaijxj = (2π)n/2(det A)−1 ∫

n

∏
i=1

dzidz̄i e−z̄iai, jzj = det A



23Problems with Fermions

• The fermion matrix

S = − ∫
β

0
dτ ψ̄(τ)(∂τ + ω) ψ(τ) ≈ − δτ∑

i

ψ̄iQi,jψj

Q =

ω 1
2δτ

1
2δτ

− 1
2δτ ω ⋱

⋱ ⋱
− 1

2δτ ω 1
2δτ

− 1
2δτ − 1

2δτ ω

Obvious 
discretization

Z(τ) = ∝ det[1 + κD]

We can absorb the diagonal entries 
in the fields 

ψi → ψi / ω ψ̄i → ψ̄i / ω

• Hoppingparameter expansion
Z(τ) = ∝ det[1 + κD] = eln det[1+κD] = eTr ln[1+κD] = e−∑∞

l=0
κl
l Tr Dl

- Expansion of the effective action 
- Good for heavy fermions κ ∼ 1/m



24Problems with Fermions

• We can write the determinant as 

  with bosonic fields Z(τ) = det Q = 𝒩∫
n

∏
i=1

dχ̄idχi eχ̄iQ−1
i, j χj χ̄i, χi

- Requires the inversion of the fermion matrix for the MCMC  expensive.  
- Inversion can be done by iterative methods (Q is sparse). 
- If we can further write , a heat bath algorithm can be used for the 

update of the pseudo fermion fields. 

→

Q = M†M

Pseudo Fermions

… more problems later!



25SU(3) Gauge Fields

   (Minkowski)ℒG = −
1
4

Fa
μνF

μν
a

• Perform the Wick rotation 

 x0 → − ix4, A0 → + iA4, ∂0 → + i∂4

   (Euclidian)SG(T, V ) = + ∫
1/T

dx4 ∫
V

d3x
1
4

Fa
μνFa

μν

• Introduce link variables, associated with the parallel transporter along the links 
between lattice points. [Wilson, PRD 10 (1974) 2445]

 Uμ(x) = P exp {ig∫
x+ ̂μ

x
dxμ Aa

μTa} ∈ SU(3)

 x  x + ̂μ

- No need to store gauge fields , which live in the algebra , 
explicitly. 

Aμ = Aa
μTa 𝔰𝔲(3)

 lim
a→0

Uμ(x) = 1 + igaAa
μTa −

g2a2

2
(Aa

μTa)2 + ⋯



26SU(3) Gauge Fields

• Need discretisation of the field strength tensor, consider the Plaquette W(1,1)
μν

 x  x + ̂μ

 x + ̂ν  x + ̂μ + ̂ν

 W(1,1)
μν (x) = Uμ(x)Uν(x + ̂μ)U†

μ(x + ̂ν)U†
ν (x)

 = eiagAμ(x)eiagAν(x+ ̂μ) e−iagAμ(x+ ̂ν)e−iagAν(x)

use Backer-Campbell-Hausdorff 
repeatedly 

 eiag(Aμ(x)+Aν(x+ ̂μ))−a2g2[Aμ(x),Aν(x+ ̂μ)]

 ⇒
1
Nc

ReTrW(1,1) = 1 − a4 g2

2
TrFμνFμν + 𝒪(a6)

 βSG = β∑
x

∑
1≤μ<ν≤4 (1 −

1
Nc

ReTrW(1,1)
μν ) + 𝒪(a2)

 β ≡
6
g2

gauge coupling, not to be confused 
with the inverse temperature!

(Wilson action)



27SU(3) Gauge Fields

• Need to specify the integration measure 

 Z = ∫ ∏
n,μ

dUμ(n) e−βSG(U)

Use group invariant Haar measure

• Check local gauge invariance. Link variables transform under gauge transformations 
 as G(x) = eiΛ(x) ∈ SU(3) Uμ(x) → G(x)Uμ(x)G−1(x + ̂μ)

 ⇒ TrW(1,1)
μν → Tr [G(x)Uμ(x)G−1(x + ̂μ)G(x + ̂μ) Uν(x + ̂μ)G−1(x + ̂μ + ̂ν)⋯G−1(x)]

1

cyclic permutation

- Action and measure are gauge invariant!

(pure gauge partition function)



28SU(3) Gauge Fields

• We can reduce the cut-off effects of the gauge action by adding further (irrelevant) 
operators, we define 

          W(2,1)
μν (x) = +

 βSG = β∑
n

∑
1≤μ<ν≤4

c1,1 (1 −
1
3

ReTrW(1,1)
μν ) + c2,1 (1 −

1
6

ReTrW(2,1)
μν )

with  ,  and  c1,1 =
5
3

c2,1 =
1
6

β =
10
g2

+𝒪(g2a2) + 𝒪(a4)

- Symanzik (tree-level) -improved  
[Symanzik, Nucl. Phys. B226, 187 (1983); Nucl. Phys. B226, 205 (1983)] [Weisz, Nucl. Phys. 
B212, 1 (1983); Weisz and R. Wohlert, Nucl. Phys.B236, 397 (1984); Nucl. Phys. B247, 544 
(1984)] [Lüscher and P. Weisz, Comm. Math. Phys. 97, 59 (1985)] 

- In principle, we can further improve the action at order  or even non-
perturbatively 
[Iwasaki, Nucl. Phys. B258, 141 (1985)]

𝒪(a2)

g2a2



29Naïve Fermions

 SF = ∫ d4x ψ̄(γμDμ(Aμ) + m)ψ

 : 4-spinor ψ  : covariant derivativeDμ(Aμ)
Dμ(Aμ) = ∂μ + igAμ

• The Euclidian action 

ψ̄ = γ4ψ†

-matrices: γ γμγν + γνγμ = 2δμν

• Discretization

Free case:           (∂μ f)(x) → ( ∘
∂μ f)(x) =

1
2a (f(x + ̂μ) − f(x − ̂μ))

Interacting case:  (Dμ f)(x) → ( ∘
Dμ f)(x) =

1
2a (Uμ(x)f(x + ̂μ) − U†

μ(x − ̂μ)f(x − ̂μ))
Problem: corresponding momentum modes  with  

(anti-periodic boundary condition require  for )

∘
∂μ ⟷ ∘pn = sin(apn) pn =

2πn
Nσ

pn =
(2 + 1)πn

Nτ
μ = 4 Number of 

lattice points



30Fermion Doublers

• Propagator in momentum space

(γμ∂μ)−1 =
−i∑μ γμpμ

p2
(γμ

∘
∂μ)−1 =

−i∑μ γμpμ

∑μ sin2(pμ)

Continuum Lattice 

one pole at 
p = (0,0,0,0)

15 additional poles at 
 p = (π/a,0,0,0), (0,π/a,0,0),

⋯, (π/a, π/a, π/a, π/a)

- Pros:  has chiral symmetry and -hermiticity (eigenvalues come in complex 
conjugated pairs)

∘
∂μ γ5

How to get rid of the doublers?

- Cons:  has doubles in the spectrum 
∘
∂μ



31No-go Theorem

• Nielsen-Ninomiya Theorem 

There is no Dirac operator D on the lattice, fulfilling simultaneously the properties  

(1) Locality:  
(2) Correct continuum limit:  

(3) No doublers:  is invertible if  
(4) Chiral Symmetry: 

D(x − y) ≤ e−γ(x−y)

lim
a→0

D̃(p) = ∑
μ

γμpμ

D̃(p) p > 0
{γ5, D} = 0

- Chiral symmetry on the lattice is difficult!

[Nielsen-Ninomiya Nucl. Phys B 185, 20; Nucl. Phys. B 193, 173] 
[Friedan, Commun. Math. Phys. 85, 481 ]



32Wilson Fermions

• Decouple doublers in the continuum limit 

  (∂μ f)(x) → ( ∘
∂μ f + rΔ̂f)(x)

  (Δ̂f)(x) = a
1

2a2 (2f(x) − f(x + ̂μ) − f(x − ̂μ)) →
1
a

(1 − cos(apμ))

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  0.5  1  1.5  2  2.5  3

x
sin(x)

(1-cos(x))
- Wilson parameter usually chooses 

as , i.e. we obtain with 
gauge files

r = 1

- Lifts doublers at p = π/a
- Dose not change the continuum limit

 
 D/ W

μ = −
1

2a [(1 − γμ)Uμ(x)δx,y− ̂μ

  +(1 + γμ)U†
μ(x − ̂μ)δx,y+ ̂μ]

  +
4
a

δx,y

 breaks chiral symmetric, ⇒ {D/ W
μ , γ5} ≠ 0

[Wilson 1975]



33Staggered Fermions

• Distribute spinor degrees of freedom over the 
lattice, effectively double the lattice spacing

Hyper cube with  sites2d = 24 = 16
fits  components4 × 4

Dirac (spin) flavor (taste)

 KS-spinor describes 4 degenerate 
Dirac-spinors in the continuum limit
⇒

  D/ KS
μ =

ημ(x)
2a [Uμ(x)δx,y− ̂μ − U†

μ(x − ̂μ)δx,y+ ̂μ] [Kogut-Susskind PRD 11 (1975) 396]

with staggered phases   ημ(x) = (−1)x1+x2+⋯xμ−1

- Pros: computationally relatively cheap, KS-spinor has just 3 color components, 
reduces number of doublers to 4, remains subgroup of the chiral symmetry

- Cons: correlation function are alternating, doublers are not completely removed, 
chiral symmetry is not completely preserved



34Improved Staggered Fermions

• Similarly to the gauge action we can improve the fermion action, the standard 
Willson and Kogut-Susskind actions receive corrections at .𝒪(a2)

• We can add straight and bended 3-link terms to the KS action 

  SF = ∑
x

χ̄x ∑
μ

ημ(x)
2 [ c1,0( − ) + c3,0( − ) + ∑

ν≠μ

c2,1( − )]χy

  +m∑
x

χ̄x χx

  x
  x   x

  x
  x

  x

  y

  y

  y

  y

  y

  y

Naik-action:        
p4-action:    

c1,0 = 9/16, c3,0 = − 1/48, c2,1 = 0
c1,0 = 3/8, c3,0 = 0, c2,1 = 1/48

[Heller, Karsch, Strum  PRD 60 (1999) 114502]



35Improved Staggered Fermions

• The improvement at tree-level affects the approach to 
the free gas limit

 pSB ≡
p
T4

∞
=

7nf π2

60
+

nf

2 ( μq

T2 )
2

+
nf

4π2 ( μq

T4 )
4

0.5

1.0

1.5

2.0

2.5

2 4 6 8 10 12 14 16 18 20

p / pSB

No

standard action

p4 action

Naik action

µ/T=0.0, m/T=0.0
µ/T=1.0, m/T=0.0
µ/T=0.0, m/T=1.0
µ/T=1.0, m/T=1.0

0.5

1.0

1.5

2.0

2.5

2 4 6 8 10 12 14 16 18 20

No

Cn / Cn,SB
standard action, C0
standard action, C2
standard action, C4

naik action, C0
naik action, C2
naik action, C4

p4 action, C0
p4 action, C2
p4 action, C4

The phase structure of QCD 7

situation here is the following: The Wilson action breaks the chiral symmetry completely

at any finite lattice spacing. The staggered action preserves a U(1)even ⇥ U(1)odd
subgroup of the symmetry, i.e. the fermion fields on even and odd sides can be multiplied

separately by a phase. Domain-Wall fermions are chiral in the limit of a large fifth

dimension and Overlap fermions posses an exact (albeit modified) chiral symmetry at

any finite lattice spacing. The latter two action are so costly that so far no scaling study

close to the chiral limit has been possible. First studies of the transition temperature

[34], thermodynamic quantities [35, 36] and the anomalously broken axial symmetry

UA(1) and the Dirac spectrum [37, 38, 39, 40, 41, 42] have, however, been performed

recently.

For studies of bulk thermodynamic quantities such as the pressure p and the energy

density ✏ the high and the low temperature regimes su↵er from two di↵erent types of

discretization errors. At very high temperatures, deviations from the Stefan-Boltzmann

(SB) limit stem from the discretization errors of the covariant derivative. Just as in

the gluonic case, such errors can be eliminated systematically order by order using

so called improved actions, which are widely used in case of Wilson and staggered

fermions. For Wilson fermions, the clover-term [43] reduces the discretization errors

of the action to O(a2), for staggered fermions, straight (Naik [44]) or bended (p4

[45]) three-link terms diminish the error to O(a4). It is interesting to note that even

though the standard Wilson action features cuto↵ errors of O(a), corrections to bulk

thermodynamic quantities are universal to standard Wilson and standard staggered

actions and start at O(a2). To summarize, an expansion of the dimensionless quantity

p/T 4 around the ideal gas limit yields [46]

p
T 4

( p
T 4 )SB

= 1+

8
>>><

>>>:

248
147(

⇡
N⌧

)2 + 635
147(

⇡
N⌧

)4 + 13351
8316 (

⇡
N⌧

)6 std. Wilson
248
147(

⇡
N⌧

)2 + 635
147(

⇡
N⌧

)4 + 3796
189 (

⇡
N⌧

)6 std. staggered

�
1143
980 (

⇡
N⌧

)4 �
365
77 (

⇡
N⌧

)6 Naik

�
1143
980 (

⇡
N⌧

)4 + 73
2079(

⇡
N⌧

)6 p4

.(8)

At low temperatures, bulk thermodynamic quantities are, as we will see, mainly

determined by the hadronic spectrum of QCD. Due to the existence of fermion doublers

on the lattice – also called fermion tastes – the hadronic states are duplicated as well.

Moreover, high energy gluons that scatter fermions from one corner of the Brillouin zone

to another, introduce a nontrivial interaction between di↵erent fermion tastes, which

leads to the so called taste splitting of hadronic states. This splitting is most prominent

in the light pion sector. Within the staggered fermions formulations, the doublers are

reduced from 16 to 4 tastes. Consequently, with these 4 tastes many more (15) pions can

be formed, which become degenerated only in the continuum limit. In order to suppress

large momentum modes of the gluons and thus reduce the taste splitting, smeared gauge

fields are used in the Dirac operator. Popular staggered type actions are the 2stout and

4stout actions, that use 2 and 4 levels of stout-smearing [47], respectively as well as the

HISQ (highly improved staggered quark) action [48]. The latter combines two levels of

5- and 7-link smearing with the Naik-term that also improves the high-T limit of this

Ideal quark gas

[Hegde, Karsch, Laermann, Shcheredin, Eur. Phys. J. C 55 (2008) 423 ]



36Highly Improved Staggered Quarks (HISQ)

• Staggered quarks consists out of four 
“tastes”, which become degenerate in 
the continuum limit  trivial factor in 
bulk thermodynamics.

⟶

• At finite lattice spacing , rough gauge 
fields induce interactions between 
“tastes”. Gluons at high momentum 
can scatter quarks from one corner of 
the Brillouine zone to another.

a

• Due to additional tastes, we have 
additional pions on the lattice. Taste-
interactions disturb the pion spectrum. 
A measure for this effect is the pion 
root-mean-square mass. 

 mRMS = m2
γ5

+ m2
γ0γ5

+ m2
γiγ5

+ m2
γ0

+ m2
γi

+ m2
γ0γi

+ m2
γiγj

+ m2
1

8

 0

 2

 4

 6

 8

 10

 0.001  0.002  0.003  0.004

(Mπ
2-MG

2)/(200 MeV)2

α2
V a2 [fm2]

γiγ5
γ0γ5
γiγj
γiγ0
γi
γ0
1

stout, γiγ5stout, γiγj

 0

 100

 200

 300

 400

 500

 600

 0  0.05  0.1  0.15  0.2

RMS Mπ [MeV]

a [fm]

HISQ/tree
stout

asqtad

Figure 4: The splitting M2
π − M2

G of pseudoscalar meson multiplets calculated with the HISQ/tree and stout actions as a
function of α2

V a2 (left). The right panel shows the RMS pion mass with MG = 140 MeV as a function of the lattice spacing for
the asqtad, stout and HISQ/tree actions. The band for the asqtad and stout actions shows the variation due to removing the
fourth point at the largest a in the fit. These fits become unreliable for a>∼0.16 fm and are, therefore, truncated at a = 0.16
fm. The vertical arrows indicate the lattice spacing corresponding to T ≈ 160 MeV for Nτ = 6, 8 and 12.

the potential as an estimate of αs. Linear fits in α2
sa

2 to the four points at the smallest lattice spacings shown in
Fig. 4(left) extrapolate to zero within errors in the continuum limit. The data also show the expected approximate
degeneracies between the multiplets that are related by the interchange γi to γ0 in the definition of ΓF as predicted
by staggered chiral perturbation theory [62].
The splittings for the stout action, taken from Ref. [23], for ΓF = γiγ5 and γiγj are also shown in Fig. 4 with open

symbols. We find that they are larger than those with the HISQ/tree action for comparable lattice spacings.
To further quantify the magnitude of taste-symmetry violations, we define, in MeV, the root mean square (RMS)

pion mass as

MRMS
π =

√

1

16

(

M2
γ5 +M2

γ0γ5 + 3M2
γiγ5 + 3M2

γiγj + 3M2
γiγ0 + 3M2

γi +M2
γ0 +M2

1

)

, (5)

and plot the data in Fig. 4(right) with MG tuned to 140 MeV. The data for the asqtad and stout actions were taken
from Ref. [55] and Ref. [24], respectively. As expected, the RMS pion mass is the largest for the asqtad action and
smallest for the HISQ/tree action. However, for lattice spacing a ∼ 0.104 fm, which corresponds to the transition
region for Nτ = 12, the RMS pion mass becomes comparable for the asqtad and stout actions. The deviations from
the physical mass, Mπ = 140 MeV, become significant above a = 0.08 fm even for the HISQ/tree action. For the
lattice spacings ∼ 0.156 fm (a ∼ 0.206 fm), corresponding to the transition region on Nτ = 8 (Nτ = 6) lattices, the
RMS mass is a factor of two (three) larger.
Next, we analyze the HISQ/tree data for pion and kaon decay constants, given in Appendix C, forml/ms = 0.05. We

also analyze the fictitious ηss̄ meson following Ref. [59]. In Fig. 5, we show our results in units of r0 and r1 determined
in Sec. II C as a function of the lattice spacing together with a continuum extrapolation assuming linear dependence
on a2. We vary the range of the lattice spacings used in the fit and take the spread in the extrapolated values as an
estimate of the systematic errors. These extrapolated values agree with the experimental results within our estimated
errors (statistical and systematic errors are added in quadrature) as also shown in Fig. 5. This consistency justifies
having used the continuum extrapolated value of fπr1 from Ref. [58] to convert r1 to physical units as discussed in
Sec. II C. The deviation from the continuum value in the region of the lattice spacings corresponding to our finite
temperature calculations is less than 8% for all the decay constants. We use these data to set the fK scale and analyze
thermodynamic quantities in terms of it and to make a direct comparison with the stout action data [22–24].
Finally, in Fig. 6 we show the masses of φ and K∗ mesons given in Appendix C as a function of the lattice spacing.

(The rho meson correlators are very noisy, so we do not present data for the rho mass.) Using extrapolations linear
in a2 we obtain continuum estimates, and by varying the fit interval, we estimate the systematic errors and add these
to the statistical errors in quadrature. These estimates, in units of r0 and r1, are plotted with the star symbol in
Fig. 6. The experimental values along with error estimates are shown as horizontal bands and agree with lattice
estimates, thereby providing an independent check of the scale setting procedure. The slope of these fits indicates
that discretization errors are small and confirms the findings in [46] that taste symmetry violations are much smaller
in the HISQ/tree action compared to those in the asqtad action. For the range of lattice spacings relevant for the

[Bazavov et al (HotQCD) PRD 85 (2012) 054503]



37Highly Improved Staggered Quarks (HISQ)

• Smear the one link-term by staples up to length 7 (fat7 smearing)

→ + + + ⋯
3-staple 5-staple

• Exponentiated 3-staple smearing (stout-smearing) 

Smearing techniques:

[Orginos et al (MILC), PRD 60 (1999) 054503]

[Morningstar Peardon PRD 69 (2004) 05450]

Overview of some frequently used staggered actions:

Name tree-level 1-loop smearing

HISQ/tree Naik

(3-link)
 none 2-times fat7

2-stout none none 2-times stout

aqtad Naik

(3-link) tadpole none



38Scale setting 

• All parameters of the action are dimensionless  (quark 
masses are given in units of the lattice spacing)

β, Nσ, Nτ, m̂l = aml, m̂s = ams

• All observables  are measured in units of the lattice spacing: Γ Γ̂ = adΓΓ

• The lattice cut-off is our renormalisation scale, and all observables should be come 

independent of , i.e. a a
d

da
Γ = 0

• Since  the Callan-Symanzik equation reads now Γ = Γ(a, g)

  with  (a
∂

∂a
− β(a)

∂
∂g ) Γ = 0 β(g) = − a

∂g
∂a

Solution: 
a
a0

= exp {∫
g0

g

1
β(a) }

- Lattice spacing  requires  (fix-point) 
- The coupling controls the lattice spacing  
- -function has perturbative expansion for small  (large )

a → 0 β(g) → 0

β g 6/g2



39Scale setting and line of constant physics

• In the non-perturbative regime we require input information from experiment to set the 
scale. Typically one hadron mass, decay constant or a parameter of the heavy quark 
potential. 

• We also need the bare quark masses as function of the coupling (if we want to keep the 
renormalised masses constant during the simulation) 

- Requires tuning of the bare quark masses at T=0



Equation of state at μ = 0

40



41Bulk thermodynamics of (2+1)-flavor QCD

• We use HISQ fermions with two degenerate light quarks and one strange quark

  with Z(T, V ) = ∫ 𝒟U𝒟χ̄𝒟χ e−SE SE = βSG(U) − SF( χ̄, χ, U)

SF = χ̄lM−2/4
l χl + χ̄sM−1/4

s χs

Bulk thermodynamics

 
p
T4

=
1

VT3
ln Z

 
ϵ

T4
=

1
VT4

d

dT−1
ln Z

• We can not calculate the pressure directly, we are 
using the integral method

• The basic quantity is the trace anomaly (also 
called interaction measure)

 
ϵ − 3p

T4
= T

d

dT
p
T4

 ⇒
p(T )
T4

−
p(T0)

T4
0

= ∫
T

T0

dT
1
T ( ϵ − 3p

T4 )
Integration constant 

• All thermodynamic potentials are obtained from ln Z

[see e.g. Cheng et. al PRD 77 (2008) 014511]

Partition function



42Trace anomaly 

 
ϵ − 3p

T4
= T

d

dT
p
T4

We need to express this differential 
operator in terms of lattice parameter

The temperature is usually 
dialled by , keeping  fixeda Nτ

 T =
1

aNτ

 T
d

dT
= T

d(1/T )
dT

d

d(1/T )
= − T−1 d

d(1/T )
= − aNτ

d

d(aNτ)
= − a

d

da

• The lattice spacing is controlled by the coupling . Also the bare quark masses 
depend on  (LCP).

β
a

 −a
d

da
= − a

dβ
da

∂
∂β

− a
dms

da
∂

∂ms
= − a

dβ
da ( ∂

∂β
+ a

dms

dβ
∂

∂ms )

note that we fix  (physical point), i.e. 
we need here just one quark mass parameter

ml = ms/27

Rβ Rm
(Lattice -functions) β



43Trace anomaly 

• Now we can construct our lattice observables

 
Θμμ

T4
=

ϵ − 3p
T4

= T
d

dT
p
T4

Trace of the energy 
momentum tensor

 = Rβ ( ∂
∂β

+ Rm
∂

∂ms ) N4
τ [ 1

N3
σNτ

ln Z(τ) −
1

N3
σN0

ln Z(0)]
Renormalisation by 
subtracting the zero 
temperature result 

 
obtained by 
T = 0

N0 ≥ Nσ

 = N4
τ Rβ [⟨sG⟩0

− ⟨sG⟩τ]
 +N4

τ RβRm [ 2
27 (⟨ψ̄ ψ⟩l,τ − ⟨ψ̄ ψ⟩l,0) + (⟨ψ̄ ψ⟩s,τ − ⟨ψ̄ ψ⟩s,0)]

(gluonic contribution) 

(fermionic contribution) 



44Trace anomaly 

 
Θμμ

T4
= N4

τ Rβ [⟨sG⟩0
− ⟨sG⟩τ]

 +N4
τ RβRm [ 2

27 (⟨ψ̄ ψ⟩l,τ − ⟨ψ̄ ψ⟩l,0) + (⟨ψ̄ ψ⟩s,τ − ⟨ψ̄ ψ⟩s,0)]
(gluonic 
contribution) 

(fermionic 
contribution) 

 ⟨ 1
4

Tr [M−1
l ]⟩  ⟨ 1

4
Tr [M−1

s ]⟩
We use stochastic estimators to 
calculate the traces 
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Rβ

spline interpolation
global fit

2-loop

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]



45The lattice -function β Rβ
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• For the 2014 HotQCD EoS we extracted  from the static quark potential Rβ
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r1 V(r)
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β=7.373
β=7.596
β=7.825

• The static quark potential shows almost 
no cut-off effects

• The scale  is defined as r1

 [r2 d

dr
V(r)]

r=r1

= 1

• The -scale is indirectly determined by 
the spectrum of the  and  states. 
In physical units we have  fm

r1
(c̄c) (b̄b)

r1 = 0.3106

• We can write  as Rβ

 Rβ = − a
dβ
da

=
r1

a ( d(r1/a)
dβ )

−1

• We extract  through fits/splines to 

, with  being the 2-loop 

perturbative -function

Rβ
r1 f(β)

a
f(β)

β

 T = 0

 T = 0

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]
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• We tune bare quark masses to keep the 
(un-mixed)  meson constant ηs̄s

• Chiral perturbation theory predicts 

 MeV, 

and a linear dependence of on .

mηs̄s
= 2m2

K + m2
π = 686

mηs̄s
ms
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β

Mηss/M
LCP
ηss

• We correct mistuned quark masses by LO  
chiral perturbation theory

• We calculate  by a fit to Rm r1ms

• We check the LCP also by calculating 
vector mesons ( ) and pseudo 
scalar decay constants ( )

ρ, K⋆, ϕ
fπ, fK, fηs̄s

   T = 0

   T = 0

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]
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(gluonic contribution) (fermionic contribution) 

• Simulations at , which corresponds to            
 fm at  MeV.  

• Used  gauge field configurations per temperature value. 

• Simulations are parallelized and are performed on leadership HPC-systems. 

• Code for GPU-accelerated Clusters is available on GitHub                               
https://github.com/LatticeQCD/SIMULATeQCD

Nτ = 6,8,10,12
a = 0.16, 0.12, 0.1, 0.08 T = 200

𝒪(104)

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]

https://github.com/LatticeQCD/SIMULATeQCD
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The continuum extrapolation 
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• Cut-off effects are much reduced 
compared to un-smeared actions 

• Continuum extrapolations are 
done by  -dependent spline 
fits with variable number and 
positions of knots

Nτ

• For staggered fermions the cut-
off effects are expected to be 
(aT )2 ∼ (1/Nτ)2

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]



49Results for the pressure, energy density and entropy

• Perform numerical integration of 
bootstrap samples of  between 
130 and 400 MeV

Θμμ(T )

Calculation of the pressure:  

• For the integration constant we choose 
 from HRG with a 

normal-distributed error of 10% 
p0/T4

0 = 0.4391

3p/T4

�/T4

3s/4T3

 0

 4

 8

12

16

130 170 210 250 290 330 370

T [MeV]

HRG

non-int. limit

Tc

(�-3p)/T4

p/T4

s/4T4
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4
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stout HISQ

• From  and  we can get 
energy density  and entropy 

(ϵ − 3p)/T4 p/T4

ϵ/T4

s = (ϵ + p)/T

• We provide a parametrization of the EoS

• Results agree with the calculation of the 
Budapest-Wuppertal collaboration using 
the stout-action

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]

[S. Borsanyi, et al. (BW) Phys.Lett. B370, 99 
(2014), 1309.5258]



50Specific heat and speed of sound 
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• Specific heat should develop a cusp 

• Energy density should develop an infinite 
slope in the chiral limit ml → 0

 CV =
∂ϵ
∂T

V

= 4
ϵ

T4
+ T

∂(ϵ/T4)
∂T

V

T3

 ∼ c0 +
A±

α
T − Tc

Tc

α

+ 𝒪(T − Tc)
 ml → 0

 α ≈ − 0.21

Dominating singular part 
of the specific heat 

• The speed of sound 
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cs
2

�c

HRG
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 c2
s =

∂p
∂ϵ

=
s

CV
• Find softest 

point at 

 (c2
s )min ≈

1
2 (c2

s )free

[Bazavov et al. (HotQCD), PRD 90 (2014) 094503]
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Fig. 11. The critical energy density ✏c in (2+1)-flavor QCD. The band gives the continuum
extrapolated result for the energy density taken from Ref. 114. The HRG curve is based on all
resonance with mass less than 2.5 GeV listed by the Particle Data Group.31

In Fig. 11 we show the energy density in the low temperature region. The
box highlights the transition region characterized by the crossover temperature,
Tc = (154±9) MeV. From this we deduce the energy density in the crossover region,
✏c = (0.34 ± 0.16) GeV/fm3. This is a rather small value for the energy density
needed to convert ordinary hadronic matter into a medium made up from quarks
and gluons. It may be compared to the energy density of ordinary nuclear matter,
✏
nuclear matter

' 0.15 GeV/fm3 or the energy density inside a nucleon, ✏
nucleon

'

0.45 GeV/fm3, assuming the radius of nucleon RN ' 0.8 fm. In fact, ✏c is close to
the energy density reached in the dense packing limit of nucleons with radius RN .

The simple bulk thermodynamic observables like pressure and energy density
give the impression that an HRG model also provides a good description of the
equation of state for temperatures above the crossover region, i.e. for T & 165 MeV.
However, as discussed in the previous section the analysis of conserved charge fluc-
tuations clearly shows that at temperatures T & 160 MeV thermodynamics can
no longer be described in terms of hadronic degrees of freedom (see for instance
Fig. 7 (right) and the discussion in Section 7). This also becomes evident in sec-
ond order derivatives of the QCD partition function with respect to temperature.
The speed of sound, c

2
s

= dp/d✏, is related to the inverse of the specific heat,
CV = d✏/dT ,

c
2
s

=
dp

d✏
=

dp/dT

d✏/dT
=

s

CV

, (41)

CV

T 3
=

@✏

@T

����
V

⌘

✓
4

✏

T 4
+ T

@(✏/T
4)

@T

����
V

◆
. (42)

Both quantities are shown in Fig. 12. The specific heat does not develop a pro-
nounced peak in the transition region as one could have expected from pseudo-

• Temperature and energy density at the 
crossover

 MeV Tpc = (156 ± 1.5)
 GeV/fmϵpc = (0.35 ± 0.08) 3

• Referenz values 

 GeV/fmϵ(nucl. mat.) ≃ 0.15 3

 GeV/fmϵ(nucleon) ≃ 0.45 3

• Dense packing of spheres (DPS)

[Ding, Karsch, Mukherjee, Int.J.Mod.Phys.E 
24 (2015) 10, 1530007]

 GeV/fm≃ 0.33 3

ϵ(DPS) ≃ 0.74 × ϵ(nucleon)

- Overlapping nucleons = QGP??
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• In principle perturbation theory should work for 
T ≫ ΛQCD

• After integrating out the scale  we arrive at 
eQCD 

πT

• At  there is a clear separation of scales g ≪ 1
mmag ∼ g2T ≪ melec ∼ gT ≪ mhard ∼ πT

• The perturbative regime breaks down at  
(Linde Problem)

𝒪(g6)

• Another resummation scheme is the Hard 
Thermal Loop (HTL) resummation 

• We obtain reasonable agreement with both 
schemes at  MeVT ≃ 400



Cumulants of Conserved  
Charge Fluctuations

53



54Taylor expansion coefficients of the Pressure

Cumulants of conserved charge fluctuations, can also be measured 
as event-by-event fluctuations in heavy ion collisions

�BQS
ijk,0 =

@i

@(µB/T )

@j

@(µQ/T )

@k

@(µS/T )

lnZ

T 3V
<latexit sha1_base64="tvXhQD8gZO/NTe0F0+uZ3osG38c="></latexit>

p

T 4
=

lnZ

T 3V
=

1X

i,j,k=0

1

i!j!k!
�BQS

ijk,0

✓
µB

T

◆i ✓µQ

T

◆j ✓µS

T

◆k

<latexit sha1_base64="9rLit3o6miVrvTbRfS5q4w9MiY0="></latexit>

Gavai, Gupta (2001) 
Bielefeld-Swansea (2002)

Compare with HRG 
model calculation

Compare with 
measurements at 
RHIC and LHC

Investigate critical 
behaviour



55Chemical potential on the lattice and the sign problem

• The chemical potential is introduced as the fourth component of a vector potential

U4(x) → Uμ(x)eaμ U†
4 (x) → U†

4 (x)e−aμ

[Hasenfratz, Karsch, Phys.Lett.B 125 (1983) 308]

Taylor expansion and the Cauchy Residue Theorem Benjamin Jäger

1. Introduction

Information on the QCD phase diagram can be obtained by expanding the pressure P(T,µ) in
a Taylor series in terms of the chemical potential, namely [1, 2]

P(T,µ)
T 4 ⌘ logZ(T,µ)

V T 3 =
P(T,µ = 0)

T 4 + Â
k=1

c2k(T )
⇣µ

T

⌘2k
. (1.1)

The Taylor coefficients c2k(T ) can be expressed as expectation values of traces of operators
evaluated at vanishing chemical potential, rendering the approach sign-problem free. However,
the number of relevant terms grows quickly, so that the Taylor coefficients above the eighth order
have not been estimated reliably yet. An important simplification has been proposed by Gavai and
Sharma [3, 4], who have suggested to use a linear chemical potential instead of the "standard"
exponential definition [5]. Then, all operators ∂ n /D

∂ µn ,n > 1 vanish. The remaining terms are all of the
form

Tr

"✓
/D�1 ∂ /D

∂ µ

◆k
#
. (1.2)

The divergences originating from the linear chemical potential can be removed by comparing to the
free theory. For Staggered quarks, the Dirac operator /D is anti-Hermitian, so that all its eigenvalues
are imaginary. The derivative with respect to chemical potential ∂ /D

∂ µ is a Hermitian matrix. Unfortu-
nately, the product of both has, in general, complex eigenvalues. Figure 1 shows the spectrum of /D
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Figure 1: Spectrum of the Dirac operator /D (left) and /D
� ∂ /D

∂ µ
��1 (right).

and /D
� ∂ /D

∂ µ
��1. Fortunately, the trace in equation (1.2) is either purely real or imaginary, depending

on the order k, since for k = 1 it has the form Tr [AB], with A anti-hermitian and B hermitian, and

Tr [AB] =
1
2
(Tr [AB]+Tr [BA]) =

1
2
�
Tr

⇥
AB� (AB)†⇤� . (1.3)

Thus, terms of even order are real, as appropriate for equation (1.1). Here, we use four flavours
of Staggered fermions and a small 44 lattice size, with a gauge coupling b = 5.045 and a bare

1

• Determinant becomes complex for .  MCMC does not work anymore!μ > 0 ⟶

[Jäger, de Forcrand,  
PoS LATTICE2018 (2018) 178]

Sign pro
blem!

Lattice QCD at zero and nonzero density

• Thermodynamic expectation values are calculated numerically by means of Monte 
Carlo methods (with importance sampling) at ~µ ⌘ 0

positive-definite weight function at           ,~µ ⌘ 0

at                                     becomes complex|~µ| > 0 : det(M)

Taylor expansion and the Cauchy Residue Theorem Benjamin Jäger
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Information on the QCD phase diagram can be obtained by expanding the pressure P(T,µ) in
a Taylor series in terms of the chemical potential, namely [1, 2]
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∂ µn ,n > 1 vanish. The remaining terms are all of the
form
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and /D
� ∂ /D

∂ µ
��1. Fortunately, the trace in equation (1.2) is either purely real or imaginary, depending

on the order k, since for k = 1 it has the form Tr [AB], with A anti-hermitian and B hermitian, and

Tr [AB] =
1
2
(Tr [AB]+Tr [BA]) =

1
2
�
Tr

⇥
AB� (AB)†⇤� . (1.3)

Thus, terms of even order are real, as appropriate for equation (1.1). Here, we use four flavours
of Staggered fermions and a small 44 lattice size, with a gauge coupling b = 5.045 and a bare

1

De Forcrand, Jäger 2018

Phase Factor and Dirac Eigenvalues

det(D + m + µγ0) = eiθ| det(D + m + µγ0)|

∏
k(λk + m) phase factor

Toussaint-1990

Scatter plot of Dirac eigenvalues

quark mass m

cm

Barbour et al. 1986
m < mc then 〈eiθ〉 ∼ 0

QCD at Finite Density – p. 14/37

Barbour et al., 1986 

�5M�5 = M†
<latexit sha1_base64="phnakbKXuvhsvD57Tfy9ZD6xjqs="></latexit>

µ = 0
<latexit sha1_base64="WYfHRSbo/CtQtGhHxYV28SfzFc8="></latexit>

µ > 0
<latexit sha1_base64="2p4bSzZ+R1ib84PumZeOZmJULbw="></latexit>

�5M(µ)�5 = M(�µ⇤)†
<latexit sha1_base64="yWcZFGUOsZtVsdJq8C1fZPvL6AY="></latexit>

At nonzero density 
standard MC 

techniques are not  
applicable!

!15

hOi =
1

Z

Z �Y

x,⌫

dUx,⌫

�
O(U) detM(U, ~m, ~µ) e��SG(U)

| {z }
<latexit sha1_base64="3hfiSR7E5aP7CKmAE7CkLUfyzjA="></latexit>

[Barbour et. al, Nucl.Phys.B 
275 (1986) 296]

μ = 0
γ5Dγ5 = D†

μ > 0
γ5D(μ)γ5 = D†(μ*)



56The Taylor expansion method
The (2+1)-flavor partition function depends on the quark chemical potentials

Z(T, V, ̂μu, ̂μd, ̂μs) = ∫ 𝒟U eTr ln Mu( ̂μu) eTr ln Md( ̂μd) eTr ln Ms( ̂μs) e−βSG

Aim: express the pressure (thermodynamic potential) as Taylor series in 𝝁

Interpretation:

1 11 12

1
f

u u u u

≙ local f-quark density

2
f ≙ un-physical contact term



57The Taylor expansion method

Random noise method:
• Choose a number of random vectors 𝜂(k)  with 

• The trace of a matrix A is approximated as

Unbiased estimators:
• Need unbiased estimators for powers of traces: (Tr A)m

⇒   :  matrix inversion can be reduced to a linear problem . A := M−1 Mx = η

⇒ we need at least m random vectors, more might be necessary to improve precision     

⇒ we have developed an efficient recursive method to calculate unbiased estimators
(signal to noise ratio can be quite low) 

[Mitra, Hegde, CS, arXiv:2205.08517 [hep-lat]]

https://arxiv.org/abs/2205.08517


58The Taylor expansion methods

Constraints:
• We can also reorganize the expansion in  to incorporate up to two constraints, e.g.μB, μQ, μS

 with 
p
T4 [T, ̂μB, ̂μQ, ̂μS] =

p
T4 [T, ̂μB, ̂μQ( ̂μB), ̂μS( ̂μB)] ≡ ∑

k

1
(2k)!

χ̃B
2k ̂μ2k

B

 ̂μQ( ̂μB) = q1 ̂μB + q3 ̂μ3
B + ⋯

 ̂μS( ̂μB) = s1 ̂μB + s3 ̂μ3
B + ⋯

Where  are determined such that  and  (order by order)qi, si nQ /nB = 0.4 nS = 0

Hadronic fluctuations:
• Convert quark number fluctuations  to fluctuation of hadronic charges , e.g., we haveχuds

ijk χBQS
ijk

χBQS
200 =

∂
∂ ̂μB

ln Z
VT3

=
1
9 ( ∂

∂ ̂μu
+

∂
∂ ̂μd

+
∂

∂ ̂μs )
2

ln Z
VT3

= χuds
200 + χuds

020 + χuds
002 + χuds

110 + χuds
101 + χuds

011

new expansion 
coefficients



59Baryon number cumulants
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61Equation of  State at μB > 0

 Δ ̂p ≡
p(T, μB)

T4
−

p(T,0)
T4

=
∞

∑
k=1

P2k(T ) ̂μ2k
B
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• Corrections to the pressure due to finite μB

 = 3 ̂p + T
∂ ̂p
∂T

• From  we can compute  : Δ ̂p Δ ̂ϵ
energy density at finite μB

 Δ ̂ϵ ≡
ϵ(T, μB)

T4
−

ϵ(T,0)
T4

 =
∞
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ϵ2k(T ) ̂μ2k
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[D. Bollweg, QM2022; HotQCD in preparation ]

[A. Bazavov et al., HotQCD, 
PRD 95 (2017) 054504]
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 Δ ̂p ≡
p(T, μB)

T4
−

p(T,0)
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=
∞

∑
k=1

P2k(T ) ̂μ2k
B

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

140 160 180 200 220 240 260 280

µB / T = 2.5

µB / T = 2

nS = 0, nQ / nB = 0.5

µB / T = 1.5

µB / T = 1.0

�
P/
T4

T [MeV]

O(µB / T)4
O(µB / T)6

• Corrections to the pressure due to finite μB

 = ̂ϵ + ̂p + μB
∂ ̂p

̂μB
+ μQ

∂ ̂p
̂μQ

+ μS
∂ ̂p

̂μS

• From  and  we can compute  : Δ ̂p Δ ̂ϵ Δ ̂s
entropy density at finite μB
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∞
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[A. Bazavov et al., HotQCD, 
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THERMODYNAMICS OF STRONG-INTERACTION MATTER FROM LATTICE QCD 21

phase.15,16 The thermal expectation value of the renormalized Polyakov loop

Lren(T ) = e
�c(g2)N⌧ ·

1

V Nc

X

~x

*
Tr

N⌧Y

x0=1

U(x0,x̃),0̂

+
, (36)

is not invariant under the Z(Nc) center symmetry. The Polyakov loop can be in-
terpreted as the free energy di↵erence, F1(T ), of a thermal system with and with-
out an infinitely heavy static quark anti-quark pair separated by infinite distance,
Lren(T ) = exp(�F1(T )/2T ). The renormalization constant c(g2) can be fixed94 by
demanding that in the short distance limit the heavy quark free energy coincides,
up to a trivial additive constant, with the Coulombic short distance behavior of the
zero temperature heavy quark potential defined in Eq. 23. In the confined phase
F1(T ) = 1, as a static quark and anti-quark pair cannot be separated by infinite
distance in this phase. Thus in the Z(Nc) symmetric confined phase Lren(T ) = 0.
On the other hand, in the spontaneously Z(Nc) broken deconfined phase a static
quark anti-quark pair can be separated by infinite distance due to the presence of
color screening and Lren(T ) 6= 0. Thus, for a pure SU(Nc) gauge theory, i.e. in the
limit ml ! 1, the Polyakov loop serves as the order parameter for the deconfine-
ment transition.95 However, since the mere presence of quarks explicitly breaks the
Z(Nc) center symmetry, the Polyakov loop does not serve as an order parameter
for QCD with realistic light quarks. Furthermore, since the Polyakov loop is not
related to a derivative of the QCD partition function with respect to the thermal
or the symmetry breaking field, its change or fluctuation across the QCD transition
may not capture the true singularities of the QCD partition function in any limit.
Thus, a deconfining temperature defined from the change of the Polyakov loop may
not reflect the pseudo-critical properties of QCD with realistic light quark masses.
As shown in Fig. 7 (left), the change of the Polyakov loop within the chiral crossover
region, Tc = 154(9) MeV, is rather gradual and smooth.
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Fig. 7. (Left) The renormalized Polyakov loop in (2+1)-flavor QCD.96 (Right) Appearance of the
fractionally charged degrees of freedom in the chiral crossover region Tc = 154(9) MeV (shaded
region) for the light as well as the strange quark. The black points show results obtained using
the stout action97 and the other points have been obtained using the HISQ action.98

• cumulants are sensitive to effective charges: compare cumulants from non-
perturbative (lattice) QCD calculations to other scenarios such as an uncorrelated 
gas of hadrons (HRG) or perturbative QCD
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FIG. 3. Baryon-strangeness (top) and electric charge-
strangeness correlations (bottom), properly scaled by the
strangeness fluctuations and powers of the fractional bary-
onic and electric charges [see Eq. (9)]. In the non-interacting
massless quark gas all these observables are unity (shown by
the lines at high temperatures). The shaded regions indicate
the range of perturbative estimates (see text) for all these
observables obtained using one-loop re-summed HTL calcu-
lations [16]. The LQCD results for the N⌧ = 6 and 8 lattices
are shown by the open and filled symbols respectively.

ing quasi-quarks even down to temperatures very close197

to Tc. However, our results involving correlations of198

strangeness with higher power of baryon number and199

electric charge clearly indicate that such a description200

in terms of weakly interacting quasi-quarks can only be201

valid for temperatures T & 2Tc. While the HTL per-202

turbative expansion for ratios involving one derivative of203

the baryonic/electric charges (i.e. �11
XS

/�S

2 and �13
XS

/�S

4 ,204

X = B,Q) start di↵ering from the non-interacting quark205

gas limit at O(↵3
s
ln↵s) [18], the same for those involving206

higher derivatives of the baryonic/electric charges (i.e.207

�22
XS

/�S

4 and �31
XS

/�S

4 , X = B,Q) starts at O(↵3/2
s ) [16],208

↵s being the strong coupling constant. Thus, the en-209

hancement of the higher order electric charge/baryon-210

strangeness correlations are probably expected within211

the regime of validity of the weak coupling expansion.212

For temperatures beyond the validity of the weak cou-213

pling expansion, it would be interesting to see whether214

such enhancements indicate a strongly coupled QGP [19]215

without quasi-particles or it signals the presence of col-216

ored bound states [8] and/or density dependent massive217

quasi-particles [20].218

Conclusions.— The LQCD results presented in this pa-219

per show that till the chiral crossover temperature Tc the220

quantum numbers associated with the sDoF are consis-221

tent with those of an uncorrelated gas of hadrons. Fur-222

thermore, up to Tc the partial pressures of the strange223

mesons and baryons are separately in agreement with224

those obtained from the uncorrelated hadron gas using225

vacuum masses of the strange hadrons. Such a hadronic226

description of the sDoF breaks down immediately after227

the chiral crossover region. Moreover, the behavior of228

the sDoF around Tc is quite similar to that involving229

the light up and down quarks. Altogether, these results230

suggest that the deconfinement of strangeness seemingly231

takes place at the chiral crossover temperature. On the232

other hand, our LQCD results involving correlations of233

strangeness with higher powers of baryonic and electric234

charges for T > Tc provide unambiguous evidence that235

the sDoF in the QGP are compatible with the weakly236

interacting quark gas only for T & 2Tc. For the interme-237

diate temperatures, Tc . T . 2Tc, strangeness is non-238

trivially correlated with the baryonic and electric charges239

indicating that the QGP in this temperature regime re-240

mains strongly interacting.241

Although the results presented here were not obtained242

in the limit of zero lattice spacing, the e↵ects of contin-243

uum extrapolations are known to be quite small for our244

particular lattice discretization scheme, especially in the245

strangeness sector [5]. This is also borne out in the very246

mild lattice spacing dependence of our LQCD results go-247

ing from the N⌧ = 6 to the N⌧ = 8 lattices. Thus we248

expect that the continuum extrapolated results will not249

alter the physical picture presented in this paper.250
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(m⇡ = 391 MeV)⇤

Are there missing strange states in the PDG? 
• Obvious in the charm sector  
• How large could be the effect of missing states in the strange sector?

� construct QM-HRG, including additional states predicted by Quark-Model

S. Capstick and N. Isgur, PRD 34, 2809 (1986).• Use mesonic states from:
• Use baryonic states from: D. Ebert et al., PRD 79, 114029 (2009)

• Similar to the spectrum of strange baryons on the lattice
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� QM-PDG provides more accurate description of lattice data

• BS-correlation 
at low T:  weighted sum of partial 
pressure of strange baryons 
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FIG. 2. Top: BS-correlations normalized to the second cumu-
lant of net strangeness fluctuations. Results are from (2+1)-
flavor lattice QCD calculations performed with a strange to
light quark mass ratio, ms/ml = 20 (squares) and ms/ml =
27 (diamonds). The band depicts the improved estimate for
the continuum result facilitated by the high statistics N⌧ = 6
and 8 data. Bottom: Ratios of baryonic (BS

i ) to mesonic
(MS

i ) ‘pressure observables’ defined in Eq. 3. The dotted and
solid line show results from PDG-HRG and QM-HRG model
calculations, respectively. The shaded region denotes the con-
tinuum extrapolated chiral crossover temperature at physical
light quark mass values, Tc = (154± 9) MeV [9].

ral extents N⌧ = 6 and 8, which are in agreement with139

the earlier results, together with an improved estimate140

for the continuum result based on the enlarged statis-141

tics for these lattices. In the crossover region and also142

at lower temperatures in the hadronic regime the lattice143

QCD results for ��
BS
11 /�

S
2 are significantly larger than144

the PDG-HRG model predictions.145

In the validity range of HRG models the BS-correlation146

�
BS
11 is a weighted sum of partial pressures of strange147

baryons, while the quadratic strangeness fluctuations �S
2148

are dominated by the contribution from strange mesons.149

The larger value of ��
BS
11 /�

S
2 found in lattice QCD calcu-150

lations compared to PDG-HRG model calculations thus151

reflects the stronger increase of P
S,QM
B /P

S,PDG
B com-152

pared to P
S,QM
M /P

S,PDG
M (see Fig. 1). As a consequence153

the QM-HRG model provides a better description of154

QCD thermodynamics in the hadronic phase. This can155

be more directly verified by considering the ratio of two156

observables, which in a HRG model give PS
M and P

S
B , re-157

spectively. There is a large set of ‘pressure-observables’158

that can be constructed for this purpose by using second159

and fourth order cumulants of strangeness fluctuations160

and correlations with net baryon number [11]. They will161

all give identical results in a gas of uncorrelated hadrons,162

but di↵er otherwise. In particular, they can yield widely163

di↵erent results in a free quark gas. We use two linearly164
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FIG. 3. The leading order result for the ratio of strangeness
and baryon chemical potentials versus temperature. Data and
HRG model results are for a strangeness neutral thermal sys-
tem having a ratio of net electric charge to net baryon number
density NQ/NB = 0.4. The dashed line shows the QM-HRG
result for vanishing electric charge chemical potential. All
other curves and labels are same as in Fig. 2.

independent ‘pressure-observables’ for the open strange165

meson (MS
1 ,M

S
2 ) and baryon (BS

1 , B
S
2 ) pressure, respec-166

tively,167

M
S
1 = �

S
2 � �
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22 ,
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1
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�
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�
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1

2

�
�
BS
11 + �
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13

�
,

B
S
1 = �

1

6

�
11�BS

11 + 6�BS
22 + �

BS
13

�
,

B
S
2 =

1

12

�
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S
4 � �

S
2

�
�

1

3

�
4�BS

11 � �
BS
13

�
. (3)

Three independent ratios B
S
i /M

S
j are shown in168

Fig. 2 (bottom). They start to coincide in the crossover169

region giving identical results only below T . 155 MeV.170

This re-confirms that a description of QCD thermody-171

namics in terms of an uncorrelated gas of hadrons is valid172

till the chiral crossover temperature Tc. Below Tc the in-173

formation one extracts from B
S
i /M

S
j agrees with that of174

��
BS
11 /�

S
2 . In the hadronic regime the ratios calculated175

in lattice QCD are significantly larger than calculated176

in the PDG-HRG model. QM-HRG model calculations177

are in good agreement with lattice QCD. These results178

provide evidence for the existence of additional strange179

baryons and their thermodynamic importance below the180

QCD crossover.181

Implications for strangeness freeze-out.— Since the182

initial nuclei in a heavy ion collision are strangeness183

free, the HRG at the chemical freeze-out must also be184

strangeness neutral. Obviously, for such a strangeness185

neutral medium all the three thermal parameters T , µB186

and µS are not independent; the strangeness chemical po-187

tential can be expressed as a function of T and µB . While188

µS(T, µB) is unique in QCD, for a HRG it clearly depends189

on the relative abundances of the open strange baryons190

and mesons. For fixed T and µB a strangeness neu-191

tral HRG having a larger relative abundance of strange192

baryons over strange mesons naturally leads to a larger193

chiral  
crossover 

�S
2 ,�

S
4 ,�

BS
11 ,�BS

31 ,�BS
22 ,�BS

13

MS
i

� Re-confirmation of our previous findings [PRL 111,082301]: onset of 
melting of open strange hadrons consistent with chiral crossover 

• Different linear combinations of  

are used to project onto partial 
pressure of strange baryons (       ) 
and mesons (       ) in the hadronic 
phase, e.g.

BS
i

�BS
11
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µQ ⌘ 0

states in the strange quark sector may survive the QCD transition and still exist in
the QGP [16, 17]. As this is of relevance also for the production and experimental
observation of strange hadrons in heavy ion experiments [18] it clearly is important
to obtain more information on properties of the strangeness sector of the QGP and
the fate of strange hadrons in the crossover region of QCD at finite temperature.

We recently started to improve earlier studies of higher order cumulants of fluctu-
ations of conserved charges [19] using an improved staggered fermion discretization
scheme [20]. This also provides information on up to fourth order cumulants and cor-
relations of various moments of net strangeness and net electric charge fluctuations
[21]. We want to use this information here to analyze properties of the strangeness
sector in the low as well as high temperature phases of QCD. In particular we will
compare with Hadron Resonance Gas (HRG) model [22] calculations at low temper-
ature and perturbative [23] as well as resummed perturbative [25, 26] calculations
at high temperature.

2 Correlations between net strangeness and net
baryon number fluctuations

We want to analyze the temperature dependence of mixed susceptibilities of net
strangeness and net baryon number fluctuations,

χBS
nm =

∂(n+m)p/T 4

∂µ̂n
B∂µ̂

m
S

∣

∣

∣

∣

µ=0

, (1)

where1 µ̂X = µX/T , X = B, S, and p denotes the pressure of (2+1)-flavor QCD
at temperature T and volume V . The pressure is obtained from the QCD partition
function Z(V, T, µB, µS) as

p

T 4
=

1

V T 3
lnZ(V, T, µB, µS) . (2)

We will consider various combinations of mixed susceptibilities χBS
nm which are

motivated by their interpretation in terms of a free quark gas at high temperature
or a free hadron gas at low temperature. The latter is given in terms of a non-
interacting gas of mesons and baryons, i.e., the hadron resonance gas (HRG) model,

pHRG

T 4
=

1

V T 3

∑

i∈ mesons

lnZM
mi
(T, V, µS) +

1

V T 3

∑

i∈ baryons

lnZB
mi
(T, V, µB, µS) , (3)

1Throughout this work we set the electric charge chemical potential to zero, µQ = 0.

2
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Figure 1: The ratio of quartic and quadratic net strangeness fluctuations versus
temperature. Results are compared to the HRG model calculation. Also shown is
the result for a HRG model with |S| = 1 hadrons only. At high temperatures result
are compared with fluctuations in an ideal strange quark gas. The grey band shows
the result for the pseudo-critical temperature and its error band [24].

where the partition function for mesonic (M) or baryonic (B) particle species i with
mass mi is given by,

lnZM/B
mi

=
V T 3

π2
di
(mi

T

)2
∞
∑

k=1

(±1)k+1

k2
K2(kmi/T ) cosh (k(Biµ̂B + Siµ̂S)) . (4)

Here upper signs correspond to mesons and lower signs to baryons; di is the degen-
eracy factor of particles with mass mi and K2(x) is a modified Bessel function. Note
that in Eq. (4) the sum is taken over particle states only. Contributions from parti-
cles and the corresponding anti-particles combine to the cosh-term in Eq. (4). With
these relations it is straightforward to calculate the mixed susceptibilities defined in
Eq. (1).

In the low temperature range that is relevant for a comparison with HRG model
calculations, T<∼170 MeV, it is a good approximation to treat the entire strange
hadron sector of the HRG in Boltzmann approximation, i.e., we restrict the sum in
Eq. (4) to the k = 1 term only. The HRG than has a simple representation in terms
of contributions coming from non strange mesons (fS

m) and baryons (fb,|S|) on the
one hand, and strange mesons and baryons with strangeness |S| = 1, 2 and 3 on
the other hand [13],

pHRG

T 4
=

(

pHRG

T 4

)

S=0

+ fm(T ) cosh(µ̂s) + fb,1 cosh(µ̂B + µ̂s)

+ fb,2 cosh(µ̂B + 2µ̂s) + fb,3 cosh(µ̂B + 3µ̂s) . (5)

3

with

here we have set

13

FIG. 9. Comparison of HRG model calculations with QCD
results for �QS

11 (top) and the ratio �BS
11 /�QS

11 (bottom). The
dashed-dotted lines show results from a HRG model calcu-
lation where also the contribution of K⇤

0 (700) is included in
the list of hadron resonances. In the lower figure we show the
result of an virial expansion for �BS

11 taken from [11]. The up-
per figure shows the result of a virial expansion, based on the
analysis of S-wave scattering contributions in the K-⇡ channel
to strangeness fluctuations [47], as discussed in the text.

onances with (QMHRG) and without (PDGHRG) ad-
ditional strange baryon resonances included. As can be
seen the ratio µS/µB obtained in QCD calculations when
imposing the strangeness neutrality condition nS = 0 and
nQ/nB = 0.4 di↵ers by about 15% from HRG model cal-
culations, that only use the PDGHRG states, but is in
good agreement with QMHRG model calculations. This
shows that the ratio of strangeness and baryon chemical
potentials indeed is sensitive to the spectrum of strange
hadron resonances in a strongly interacting medium. We
will discuss this further in a forthcoming publication,
where we show that higher order contributions to µS/µB

are indeed negligible for µB/T<
⇠1, which makes this ra-

tio a good observable for probing thermal conditions in
a strongly-interacting medium.

B. Volume dependence of the cumulant of net
electric-charge fluctuations, �Q

2

As can be seen in Fig. 2 (top, right) even at tempera-
tures as low as 135 MeV continuum extrapolated results
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FIG. 10. Leading order result for the ratio of strangeness and
baryon chemical potentials versus temperature for the case
nQ/nB = 0.4. QCD results are compared to HRG model
calculations using di↵erent spectra of hadronic resonances.

for the second order cumulant of net electric-charge fluc-
tuations still di↵er from HRG model calculations. At
such low temperatures electric charge fluctuations are
dominated by the contribution from pions. In this case
it is well known that finite volume e↵ects in a pion gas
with mass m⇡

<
⇠T can lead to significant deviations from

results obtained in the thermodynamic limit [57–59].

The lattice QCD calculations presented in Fig. 2 have
been performed on lattices with a fixed ratio of spatial
versus temporal extent, N�/N⌧ = 4. I.e. the spatial ex-
tent of the physical volume, L = N�a, changes with tem-
perature, T = 1/N⌧a, such that LT = 4 stays constant.
In the temperature range shown in Fig. 2, we have calcu-
lated �Q

2 for a pion gas in a finite volume with LT = 4.
This can be done directly using the partition function
of a Bose gas in a finite volume [58, 59]. In order to
mimic periodic boundary conditions and cubic box sizes
as they are used in lattice QCD calculations, we instead
used a scalar field theory discretized on a lattice as de-
scribed in [57]. For a non-interacting pion and kaon gas
we find that deviations from infinite volume results are
well parametrized by a straight line ansatz in the tem-
perature interval of interest, T 2 [130 MeV : 170 MeV],

(�Q

2 )LT=4

(�Q

2 )LT=1
=

(
0.997 � 0.126 T/Tpc,0 , pion gas

1.002 � 0.032 T/Tpc,0 , kaon gas

(21)

At the pseudo-critical temperature, Tpc,0, the net
electric-charge fluctuations in a pion gas in a volume
LT = 4 thus is about 12% smaller than in the infi-
nite volume limit. In the HRG model, calculated with
the resonance spectrum QMHRG2020, this distortion ef-
fect gets reduced by almost a factor two, reflecting the
relative contribution of pions to the entire net electric-
charge fluctuations. In the temperature interval T 2

[130 MeV : 180 MeV] we find for a HRG model using

• Very sensitive to the strange spectrum

 
μS

μB
≡ s1(T ) = −

χBS
11

χS
2

−
χQS

11

χS
2

q1 + 𝒪(μ2
B)

• Clear evidence for missing strangeness 
in the PDG list

[A. Bazavov et al., HotQCD, PRD 104 (2021), 074512]
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From the pressure expansion we readily obtain the expansions for the nth-order 
cumulants:

�B
n (T, µB) =

kmaxX

k=0

�̃B,k
n (T )µ̂k

B, with µ̂B = µB/T
<latexit sha1_base64="+Iw+2w+nkcyTgHKONvqyMJI5Ono="></latexit>

Define ratios to eliminate the leading order volume dependence

RB
nm =

�B
n (T, µB)

�B
m(T, muB)

=

Pkmax

k=0 �̃B,k
n (T )µ̂k

BPlmax

l=0 �̃B,l
m (T )µ̂l

B
<latexit sha1_base64="sOwYwBGd6KDf9PLgoybfDwTpRi8="></latexit>

In terms of the shape parameters 
of the distribution we find

3

The products of the moments, Sσ and κσ2, are sensitive to the correlation length of the hot and
dense medium created in the collisions and are related to the ratios of baryon number susceptibili-
ties of corresponding orders. The products of moments are found to have values significantly below
the Skellam expectation and close to expectations based on independent proton and anti-proton
production. The measurements are compared to a transport model calculation to understand the
effect of acceptance and baryon number conservation, and also to a hadron resonance gas model.

PACS numbers: 25.75.Gz,12.38.Mh,21.65.Qr,25.75.-q,25.75.Nq

The Beam Energy Scan (BES) program at the Rela-
tivistic Heavy-Ion Collider (RHIC) facility aims at study-
ing in detail the QCD phase structure. This enables
us to map the phase diagram, temperature (T ) versus
baryonic chemical potential (µB), of strong interactions.
Important advancements have been made towards the
understanding of the QCD phase structure at small µB.
Theoretically, it has been found that at high tempera-
tures, there occurs a cross-over transition from hadronic
matter to a de-confined state of quarks and gluons at
µB = 0 MeV [1]. Experimental data from RHIC and
the Large Hadron Collider have provided evidence of the
formation of QCD matter with quark and gluon degrees
of freedom [2]. Several studies have been done to esti-
mate the quark-hadron transition temperature at µB =
0 [3]. Interesting features of the QCD phase structure are
expected to appear at larger µB [4]. These include the
QCD critical point (CP) [5, 6] and a first order phase
boundary between quark-gluon and hadronic phases [7].

Previous studies of net-proton multiplicity distribu-
tions suggest that the possible CP region is unlikely to
be below µB = 200 MeV [8]. The versatility of the RHIC
machine has permitted the center of mass energy (

√
sNN)

to be varied below the injection energy (
√
sNN = 19.6

GeV), thereby providing the possibility to scan the QCD
phase diagram above µB ∼ 250 MeV. The µB value is
observed to increase with decreasing

√
sNN [9]. The goal

of the BES program at RHIC is to look for the experi-
mental signatures of a first order phase transition and the
critical point by colliding Au ions at various

√
sNN [10].

Non-monotonic variations of observables related to the
moments of the distributions of conserved quantities such
as net-baryon, net-charge, and net-strangeness [11] num-
ber with

√
sNN are believed to be good signatures of a

phase transition and a CP. The moments are related to
the correlation length (ξ) of the system [12]. The sig-
natures of phase transition or CP are detectable if they
survive the evolution of the system [13]. Finite size and
time effects in heavy-ion collisions put constraints on the
significance of the desired signals. A theoretical calcula-
tion suggests a non-equilibrium ξ ≈ 2-3 fm for heavy-ion
collisions [14]. Hence, it is proposed to study the higher
moments (like skewness, S =

〈

(δN)3
〉

/σ3 and kurtosis,
κ = [

〈

(δN)4
〉

/σ4] – 3 with δN = N – 〈N〉) of distri-
butions of conserved quantities due to a stronger depen-
dence on ξ [12]. Both the magnitude and the sign of
the moments [15], which quantify the shape of the mul-

tiplicity distributions, are important for understanding
phase transition and CP effects. Further, products of
the moments can be related to susceptibilities associated
with the conserved numbers. The product κσ2 of the
net-baryon number distribution is related to the ratio of

fourth order (χ(4)
B ) to second order (χ(2)

B ) baryon number

susceptibilities [16, 17]. The ratio χ(4)
B /χ(2)

B is expected
to deviate from unity near the CP. It has different values
for the hadronic and partonic phases [17].
This Letter reports measurements of the energy de-

pendence of higher moments of the net-proton multiplic-
ity (Np − Np̄ = ∆Np) distributions from Au+Au col-
lisions. The aim is to search for signatures of the CP
over a broad range of µB in the QCD phase diagram.
Theoretical calculations have shown that ∆Np fluctu-
ations reflect the singularity of the charge and baryon
number susceptibility, as expected at the CP [18]. The
measurements presented here are within a finite accep-
tance range and only use the protons among the pro-
duced baryons. Refs. [19, 20] discuss the advantages
of using net-baryon measurements and effects of accep-
tance on which the measurements depend intrinsically
(e.g. conservation laws and other finite statistical fluc-
tuations dominate near full and small acceptance respec-
tively).
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FIG. 1: (Color online) ∆Np multiplicity distributions in
Au+Au collisions at various

√
sNN for 0-5%, 30-40% and 70-

80% collision centralities at midrapidity. The statistical errors
are small and within the symbol size. The lines are the cor-
responding Skellam distributions. The distributions are not
corrected for the finite centrality width effect and Np(Np̄) re-
construction efficiency.

The data presented in the paper were obtained using

 R12 = M/σ2

 R31 = Sσ3/M
 R32 = Sσ

 R42 = κσ2

[STAR, PRL 112 (2014) 032302][Friman, Karsch, Redlich, Skokov, 
Eur.Phys.J.C (2011) 1694]

[Karsch, Redlich, Phys.Lett. 
B695 (2011) 136]
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Skewness and kurtosis ratios        and        on (            )-lattices              RB
42
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N⌧ = 8
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Convergence gets worth with increasing order of the cumulant and with decreasing 
temperature.             

NLO and NNLO corrections are negative.            
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[Bazavov et al., HotQCD, PRD 101 (2020) 074502]
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Continuum estimates of         and        as function of            for various temperatures.RB
42
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Ratios drop with increasing            and with increasing temperature. 
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[Bazavov et al., HotQCD, PRD 101 (2020) 074502]
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Continuum estimates of         
and        as function of        on 
the crossover line.

RB
42
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Star data at 
p
sNN = 54.4 GeV
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favours a freeze-out temperature 
slightly below the crossover. 

The estimate of the freeze-out 
temperature                        for  p
sNN = 200 GeV
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(from a  
statistical model analysis) is not 
consistent with a determination 
of     from the skewness and 
kurtosis data by STAR.

Tf
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Tf = 165 MeV
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[Bazavov et al., HotQCD, PRD 101 (2020) 074502]

In principle baryon number fluctuation and 
proton number fluctuations are not the 
same thing!
[Asakawa, Kitazawa, Phys.Rev.C 86 (2012) 024904]

[Bazdak, Koch, Skokov, Phys.Rev.C 87 (2013) 014901]

[Vovchenko et al., Phys.Lett. B 811 (2020) 135868]
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Precise determination of the QCD transition 
temperature Tpc = 156.5 ± 1.5 MeV
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HotQCD: PLB 795 (2019) 15

The chiral crossover line with respect to µB
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HotQCD: PLB 795 (2019) 15

The chiral crossover line with respect to µB
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The chiral phase transition temperature and 
pseudo-critical line Tc = 132+3
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HotQCD: PLB 795 (2019) 15

The chiral crossover line with respect to µB
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77Universal critical behaviour

Universal critical behaviour guides our thinking on the QCD phase diagram. 
Often considered in the vicinity of the chiral critical point.
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Effective model O(4)/O(2)/Z(2): (2+1)-flavor QCD:
3 relevant scaling fields
t
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map QCD to the 
effective model

controlled by non-
universal parameter:

t0, h0, l0
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Universal critical behaviour guides our thinking on the QCD phase diagram. 
Often considered in the vicinity of the chiral critical point.
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Universal scaling 
function

We can calculate derivatives of  . Singular behaviour is characteristic to the 
universality class. E.g. here: O(4)
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Figure 1: Left: Chiral order parameter C⌃
0 (T ) = ⌃(T, µB,Q,S = 0). The inset shows derivative of C⌃

0 with respect to temperature T . Middle:
Disconnected chiral susceptibility C�

0 (T ) ⌘ �(T, µB,Q,S = 0). Right: Susceptibility, �⌃(T, µB,Q,S = 0), of the chiral order parameter.
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Figure 2: Continuum extrapolations of pseudo-critical temperatures
Tc(0) ⌘ Tc(µB,Q,S = 0), defined using criteria listed in Eq. (7). The
solid gray band depicts the continuum-extrapolated result Tc(0) =
(156.5± 1.5) MeV (see text for details).

each case, the gauge field configurations were separated by
10 rational hybrid Monte-Carlo trajectories of unit length.
The fermionic operators were calculated using the stan-
dard stochastic estimator technique; more details about
these computations can be found in Ref. [10].

As discussed in Sec. 2.3, determinations of Tc(0), X
2

and 
X
4 involve computing derivatives of the basic chiral

observables and their Taylor coe�cients with respect to
the temperature. To compute these derivatives, we in-
terpolated the basic observables in T between the com-
puted data via the following procedure. For each observ-
able several [m,n] Padé approximants were used for N

(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Padé approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1� statistical error of that data. The
final T -interpolation for each observable was obtained by
weighted averaging over all the Padé approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the required T -derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-

cretization errors are of the type a
2
/ 1/N2

⌧ . Extrapola-
tions to the continuum limit a ! 0 were carried out by
fitting data at di↵erent N⌧ to a function linear in 1/N2

⌧

and extrapolating it to N⌧ ! 1 limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N2

⌧ -fits were satisfactory. To check the
systematics of our continuum extrapolations, we used fits
including higher order 1/N4

⌧ corrections, as well as car-
ried out the extrapolation procedure using an alternative
T -scale determined using the Sommer parameter r1; all
results were found to be consistent within our errors [10].

4. Results

4.1. Zero chemical potential: Tc(0)

In Figs. 1 and 3, we show all observables used for the
determination of pseudo-critical temperatures as defined
in Eq. (7) for lattices with N⌧=6, 8, 12, and 16. The re-
sults of the temperature interpolations, obtained following
the procedure described in Sec. 3, are shown by the cor-
responding solid bands. Using the interpolated results,
and applying the definitions in Eq. (7), we obtained 5
values of Tc(0) for N⌧=6, 8, and 12. These results are
shown in Fig. 2. Since we have not computed C

⌃
2 and

C
�
2 for N⌧=16, we only show results for the other 3 def-

initions of Tc(0). On coarser lattices, di↵erent definitions
resulted in di↵erent values of Tc(0). These di↵erences pro-
gressively reduce with increasingly finer lattice spacing.
Results of Tc(0) for each of the definitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 definitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our final result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156.5 ± 1.5) MeV. It is an interesting fact
that continuum results for di↵erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T 0

c [12] is significantly di↵erent from Tc(0),
then, based on the scaling properties of TG,�

c (0), it is nat-
ural to expect more dispersion among the values of Tc(0).
Coincidence of di↵erent pseudo-critical temperatures for
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dard stochastic estimator technique; more details about
these computations can be found in Ref. [10].
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ried out the extrapolation procedure using an alternative
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Consider a -dependent shift of the peak of the 
susceptiblities. Defining conditions are thus 
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Universal scaling relates derivatives of M
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Curvature of the pseudo critical line depends only mildly on H 
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We can estimate the radius of convergence  by ratios of expansion coefficients rc = lim
n→∞

rc,n

An =
cn

cn+2
, n evenrc,n = |An |Simple ratio estimator: 

AMR
n =

cn+2 cn−2 − c2
n

cn+4 cn − c2
n+2

, n evenrMR
c,n = |AMR

n |1/4Mercer-Roberts estimator: 

The Estimators  and  are related to the poles of the [n,2] and [n,4] Padé, respectively. An AMR
n

For the analysis of the Padé, we take advantage of the positivity of  and  and rescale the pressure 

series by a factor  and redefine the expansion parameter to  

χB
2 ( χ̄B

2) χB
4 ( χ̄B

4)

P4/P2
2 x̄ = P4/P2 ̂μB ≡ χ̄B

4 /(12χ̄B
2) ̂μB .

(ΔP(T, μB)/T4)P4

P2
2

=
∞

∑
k=1

c2k,2x̄2k = x̄2 + x̄4 + c6,2x̄6 + c8,2x̄8 + . . .

The singular structure of the 8th order expansion depends only on two coefficients→

with     and   c6,2 =
P6P2

P2
4

=
2
5

χ̄B
6 χ̄B

2

( χ̄B
4)2

c8,2 =
P8P2

2

P3
4

=
3
35

χ̄B
8( χ̄B

2)2

( χ̄B
4)3
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In term of the expansion parameter , the Padé is given as x̄

P[2,2] =
x̄2

1 − x̄2

P[4,4] =
(1 − c6,2)x̄2 + (1 − 2c6,2 + c8,2) x̄4

(1 − c6,2) + (c8,2 − c6,2)x̄2 + (c2
6,2 − c8,2)x̄4
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Poles on the real axis at   

x̄2 = 1 ⇔ ̂μB,c = 12χ̄B
2 /χ̄B

4
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 For  we find only complex poles  → T > 135 MeV

 μQ = 0, μS = 0     μQ = 0, nS = 0
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Temperature dependence is currently not in consistence with expected universal scaling→
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What is a Lee-Yang edge singularity?

h′ 

h′ ′ 

Consider a generic ferromagnetic Ising or O(N) model: 
One finds zeros of the partition function only at imaginary values of the symmetry breaking field [Lee, Yang 1952]

In the thermodynamic limit the zeros become dense on the line h′ = 0

h′ 

h′ ′ 

+hYL(T )

 finite,  V T > Tc ,  V → ∞ T > Tc

Z(V, T, h) ≡ 0, h = h′ + ih′ ′ 

−hYL(T )

The density of Lee-Yang zeros  behaves as  for  from above 
[Kortman, Griffiths 1971; Fischer 1978].

Fischer connected the edge-singularity with a phase transition in an -theory with imaginary coupling [Fischer 1978]

5-Loop calculation of this theory yields  (d=3) [Borinsky et al., Phys. Rev. D 103, 116024 (2021)]

g(T, h′ ′ ) g(T, h′ ′ ) ∼ |h′ ′ − hYL(T ) |σLY h′ ′ → hLY(T )

φ3

σLY ∼ 0.075

h′ 

h′ ′ 

hYL(Tc) = 0

,  V → ∞ T → Tc
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What are the universal properties of Lee-Yang edge singularities?

Scaling relies on the assumption that the singular part of the free energy 
is a generalised homogeneous function   with 

 . We can get rid of one argument by introducing a scaling 

variable, e.g.,  which yields .


In terms of the scaling variable , the position of the the Lee-Yang edge 
singularity is universal. We find . The modulus has been 
calculated recently by means of functional renormalization group 
methods 


f(t, h) = b−df(bytt, byhh)
t = T − Tc

z = t/h1/βδ f = h
2 − α

βδ ff (z)

z
zLY = |zc |ei π

2βδ

Functional renormalization group approach to YL edge singularity III

3.0 3.5 4.0 4.5
d

1.5

2.0

2.5

|z
c|

Mean field

N � �
O(1)

O(2)

O(4)

O(100)

Reproduces
- analytic result in the large N limit
- mean-field result for d Ø 4

Dashed curves: fit of non-perturbative terms
in 4 ≠ ‘-expansion.

A. Connelly, G. Johnson, F. Rennecke, and V.S.: Phys.Rev.Lett. 125 (2020) 19, 191602

22

Figure 4: Left part: The infinite-volume scaling functions fG(z), −f ′
G(z) and fχ(z)

for z > 0, T > Tc from data (circles) for M,χt and χL on an L = 120 lattice.
The lines are from the parametrization of the scaling functions in Appendix A.
Right part: The scaling function ff(z) and its first three derivatives from the new
parametrization.

a polynomial ansatz for fG(z, zL),

fG(z, zL) = fG(z, 0) +
4

∑

n=0

7
∑

m=3

anmz
nzmL . (29)

anm n

0 1 2 3 4

3 0.0421332 -0.0782771 0.0546495 -0.0251385 0.0017542

4 0.0576183 0.3302893 -0.2642637 0.0617961 0.0049618

m 5 -0.6352819 -0.3461722 0.4678005 -0.0453606 -0.0309722

6 0.5355251 0.1770113 -0.3118316 0.0061252 0.0295072

7 -0.1247180 -0.0369583 0.0696270 0.0021488 -0.0078913

Table 1: Expansion coefficients

10

[Engels, Karsch, PRD 85 (2012) 094506]

[Connelly et al. PRL 125 (2020) 19]

Eos: ;          
The universal scaling function 

 exhibits a branch cut 
starting at 

M = h1/δfG(z)

fG(z)
z = zLY
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Where can we apply our knowledge of Lee-Yang edge singularities in QCD?

T

µB

mu,
d

<latexit sha1_base64="PUjPCs/Y0DvHkluI4stEPGb5jDA="></latexit>

Tpc
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Tc
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Ttri
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Tcep
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mphys
u,d
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0

The ultimate goal is the location of the QCD 
critical point 


We can think of three distinct critical points/
scaling regions: Roberge Weiss transition, 
chiral transition, QCD critical point 
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 ( μB
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2 −π2
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 T

2nd order O(4)
tri-critical
2nd order Z(2)
1st order
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[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]
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We use (2+1)-flavor of highly improved 
staggered quarks (HISQ)


Simulations at  are not possible due to 
the infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential 

[De Frorcrand, Philipsen (2002); D’Elia, 
Lombardo (2003) ]


The temperature scale and line of constant 
physics is taken from previous HotQCD 
calculations 

[see e.g., Bollweg et al. PRD 104 (2021) ]


We measure cumulants of net baryon number 
in the interval 

[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary for  
odd and even and and real for  even

μB > 0

μB = iμI
B

iμI
B /T ∈ [0,π]

χB
n n

n


χB
n (T, V, μB) = ( ∂

∂ ̂μB )
n ln Z(T, V, μl, μs)

VT3

= ( 1
3

∂
∂ ̂μl

+
1
3

∂
∂ ̂μs )

n
ln Z(T, V, μl, μs)

VT3

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

Lattice size:  243 × 4Input data from Lattice QCD:
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A Padé approximation is constructed such 
that the expansion of the Padé is identical to 
the Taylor series about  x = 0

Standard Padé:

Starting point is a power series 

f(x) =
L

∑
i=0

ci xi + 𝒪(xL+1) .

We denote the [m/n]-Padé as 

Rm
n (x) =

Pm(x)
Q̃n(x)

=
Pm(x)

1 + Qn(x)
=

m
∑
i=0

ai xi

1 +
n

∑
j=1

bj x j

One possibility to solve for the coefficients 
, is by solving the tower of equations ai, bj

Pm(0) − f (0)Qn(0) = f (0)

⋮

Multipoint Padé:

We have power series at several points xk

We demand that at all points  the expansion 
of the Padé is identical to the Taylor series 
about 

xk

x = xk

One possibility (method I) to solve for the 
coefficients , is by solving the tower of 

equations 

ai, bj

 Linear system of size , 
need  derivatives of 

→ m + n + 1
m + n f(x)

P′ m(0) − f′ (0)Qn(0) − f(0)Q′ n(0) = f′ (0)

P′ m(x0) − f′ (x0)Qn(x0) − f(x0)Q′ n(x0) = f′ (x0)

Pm(x0) − f (x0)Qn(x0) = f (x0)

P′ m(x1) − f′ (x1)Qn(x1) − f(x1)Q′ n(x1) = f′ (x1)

Pm(x1) − f (x1)Qn(x1) = f (x1)
⋮

⋮

 again a linear system of size , 
need much less derivatives, we have 

→ m + n + 1

m + n + 1 = ∑
k

(Lk + 1)
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Solving the linear system in the  plane 
with two different Ansatz functions

μB /T

The most general form (Ansatz NS)

Rm
n (x) =

m
∑
i=0

ai xi

1 +
n

∑
j=1

bj x j

Taking into account the expected parity of the 
net baryon number density (Ansatz S)

       with 

  

This ensures the correct parity for all , and a 
real valued analytic continuation. 

Rm
n (x) =

m′ 
∑
i=0

a2i+1 x2i+1

1 +
n/2
∑
j=1

b2j x2j

m = 2m′ + 1; ai, bi ∈ ℝ; a1 = χB
2 (T, V,0)

χB
n

Here we use  and f = χB
1 x = μB

 find agreement in analytic 
continuation of both for 

→
μB /T ≲ 2.5

[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]



94The Multipoint Padé Method - results singularity structure ( )Nτ = 4

 (NS)

 (S)

 T = 201 MeV = TRW  T = 186 MeV  T = 167 MeV

 find signature for branch cut along 
 at 

→
μB /T = μR

B ± iπ T = {201,186} MeV
 find almost perfect cancelation of 

many zeros and poles 
→

[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]
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We can solve the linear system in the fugacity plane 

 find signature for branch cut along 
 at 

→
z = − zR T = {201,186} MeV

First steps toward using more complicated 
conformal mappings

[Skokov, Morita, Friman PRD 83 (2011); Basar 
Dunne 2112.14269]
It has been argued that certain conformal mappings 
improve analytic continuation and sensitivity to the 
QCD critical point

[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]

https://arxiv.org/abs/2112.14269


96Scaling in the vicinity of the Roberge-Weiss transition 

χM

T [MeV]

Nσ = 32

 24

16

 0

 0.5

 1

 1.5

 2

 2.5

 175  180  185  190  195  200  205  210  215  220

Need to map QCD parameter to the scaling fields . For 
the Roberge-Weiss Transition we make the following Ansatz 

t, h

Can we interpret the closest singularity as Lee-Yang edge singularity?

  Re[L]

  Im[L]At physical quark masses the Roberge-Weiss critical point is 
the Z(2) symmetric end point of a line of first order transitions. 

 ( μB

T )
2 −π2

 Tpc

 T

Z(3) symmetry in 
the Polyakov loop 

    and    t = t0 ( TRW − T
TRW ) h = h0 ( ̂μB − iπ

iπ )
For our lattice setup [(2+1)-flavor of HISQ, ] we know 
the position of the critical point 

Nτ = 4
(TRW, μBRW

= (201 MeV, iπ))

ml = ms/27

M

T [MeV]

N
σ
 = 32

24
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[J. Goswami, Lattice 2021]
[Bielefeld-Frankfurt, 
arXiv:2205.12707]
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Can we interpret the closest singularity as Lee-Yang edge singularity?

We can look at the temperature dependence of our 
singularities. By solving  we find 

 and   

with  and .

z = t/h1/βδ ≡ zc

̂μR
LY = ± π ( z0

|zc | )
βδ

( TRW − T
TRW )

βδ

̂μI
LY = ± π

z0 = t0/h1/βδ
0 ̂μ = μ /T

µ̂R
LY : Method I

µ̂R
LY : Method II

µ̂R
LY : Method III

Fit I

Fit II

Fit III

Method I: solving the linear system in the  planêμB

Method II: minimize a generalised ,  
(combined fit to all data)


χ̃2

χ̃2 = ∑
j,k

|
∂ jRm

n

∂ ̂μ j
B

( ̂μB,k) − χB
j+1(μB,k) |2

|ΔχB
j+1( ̂μB,k) |2

Method III: solving the linear system in the  plane, and 
mapping the result back to 

z
̂μB

0 1 2 3 4 5
Re[µB/T]

0.0
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2.0
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3.5

Im
[µ

B
/T

]

µ̂LY

RW scaling

chiral scaling

CEP scaling

T

χ2 ∼ 0.8

z0 ≈ 9.3(3)

find good agreement with RW-scaling→

Nτ = 4

[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]



Fit II, Nø = 4

Fit II, Nø = 6

µ̂R
LY : Method II, Nø = 4

µ̂R
LY : Method II, Nø = 6
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Can we interpret the closest singularity as Lee-Yang edge singularity?

We can look at the temperature dependence of our 
singularities. By solving  we find 

 and   

with  and .

z = t/h1/βδ ≡ zc

̂μR
LY = ± π ( z0

|zc | )
βδ

( TRW − T
TRW )

βδ

̂μI
LY = ± π

z0 = t0/h1/βδ
0 ̂μ = μ /T

Method I: solving the linear system in the  planêμB

Method II: minimize a generalised ,  
(combined fit to all data)


χ̃2

χ̃2 = ∑
j,k

|
∂ jRm

n

∂ ̂μ j
B

( ̂μB,k) − χB
j+1(μB,k) |2

|ΔχB
j+1( ̂μB,k) |2

Method III: solving the linear system in the  plane, and 
mapping the result back to 

z
̂μB

0 1 2 3 4 5
Re[µB/T]

0.0
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2.0

2.5
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3.5

Im
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B
/T

]

µ̂LY

RW scaling
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CEP scaling

T

find good agreement with RW-scaling→
[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]
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The chiral transition is very well studied by the HotQCD 
collaboration. Important nonuniversal constants are known.

Ansatz for the scaling fields is give by 

t = t0 [ T − Tc

Tc
+ κB

2 ( μB

T )
2

]
h = h0

ml

mphys
s

̂μLY =
1
κB

2

zc

z0 ( ml

mphys
s )

1/βδ

−
T − Tc

Tc

1/2

We solve again for  by setting  and obtain ̂μLY z = zc

T = 155 MeV

T = 145 MeV

m=1/27

m=1/80
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FIG. 2. Radius of convergence µB for di↵erent values of T
and for di↵erent values of the light up/down quark masses.
The minimum of the curves shifts to higher temperatures by

the amount �T
T0
c

= Rezc
z0

⇣
ml

mphys
s

⌘ 1
��

. See text for details.

µB and the analytic continuations in complex-µB plane
of the QCD free energy is determined by the value of |zc|.
2+1-flavor lattice QCD calculations show that the chiral
condensate, M , for the physical value of light up/down
quark mass, m

phys
l = m

phys
s /27, are well-described by

the 3-dimensional O(4) scaling function fG, with in-
clusion of small corrections from the analytic function
Freg [15, 17, 18, 21]. Obviously, Freg unavoidably af-
fects the values of the low-order Taylor coe�cients; how-
ever, any analytic contribution does not change the ra-
dius of convergence. Base on these arguments, we ex-
pect that, for QCD, the singularity nearest to µB = 0
in the complex-µB plane is defined by zc. If zc is known
then Eq. (2) can be used to translate this singularity to
the complex-µB plane and, thereby, determine the cor-
responding radius of convergence. The rest of the uni-
versal and non-universal parameters entering Eq. (2) are
known— (i) The critical exponents of the O(4) universal-
ity class � = 0.380, � = 4.824 [28]. (ii) Both m

phys
l and

T are purely real. (iii) T
0
c = 132+3

�6 MeV [15]. (iv) The
curvature of the pseudo-critical temperature Tpc(µB),

B
2 = 0.012(2) [1]. (v) The scale factor z0 can be deter-

mined by fitting the ml-dependence of the lattice QCD-
calculated Tpc(ml) [3]; based on the lattice QCD results
of Ref. [15] on Tpc(ml) the scale factor is estimated to
be z0 ' 1 � 2 [29]. Currently the best estimate for |zc|
is available from the Functional Renormalization Group
studies [13]; they show that |zc| ⇡ 1.665 for O(4). This
value is accidentally close to the one obtained in the large
N limit ⇡ 1.649. In our analysis we use |zc| = 1.665.
We note that the Functional Renormalization Group ap-
proach is well suited for extracting the location of the
edge singularity, as it does not rely on the Monte-Carlo
importance sampling and thus does not su↵er from the
sign problem which hinders lattice simulation at complex
(imaginary) values of z (h). Moreover, critical behav-

FIG. 3. Radius of convergence in µB for physical quark
masses. The orange band is for z0 = 2 and incorporates a
5% uncertainty on the value of |zc|. The blue band depicts
variation of z0 = 1� 2.

ior is dominated by the long-range physics of the slow
critical modes. This justifies the derivative expansion of
the e↵ective action; in the non-perturbative Functional
Renormalization Group approach, this expansion is know
to rapidly converge [30]. To account for a possible sys-
tematic uncertainty of the truncation scheme used in the
Functional Renormalization Group calculation we gener-
ously vary |zc| by 5%. The large-N value of |zc| falls into
this uncertainty band.
In Figure 2 we show the radius of convergence in µB in

the T � µB plane for di↵erent values of ml in the range
0 � m

phys
l , using z0 = 2, O(4) critical exponents, and

other lattice QCD-determined non-universal parameters
described above. Note that, in the chiral limit, QCD free
energy is singular at T = T

0
c , µB = 0 and, therefore,

the radius of convergence at this point is zero, see also
Refs. [9, 10].
Figure 3 provides a more realistic estimate for the ra-

dius of convergence in µB in the T � µB plane for mphys
l

by varying |zc| around its FRG value and z0 = 1 � 2.
While the value of |zc| was recently determined to rather
high precision and leads to a limited uncertainty of the
radius of convergence, more precise lattice QCD result
for z0 is needed to improve this estimate.

CONCLUSIONS

Relying only on the universal behavior of QCD in the
chiral crossover region we investigated the analytic be-
havior of the free energy. We argued that if the chi-
ral behavior of QCD is well-described by the universal
scaling, as borne out in recent the lattice QCD calcula-
tions, then the analytic structure of the free energy will
be completely governed by the corresponding universal
scaling function. We estimated the relevant singularity
of the scaling function based on the two extreme limits

[Mukherjee, Skokov, PRD 103 (2021) 071501]

The radius of convergence

Position of the LYE

Required input: , , , Tc κB
2 z0 zc

T
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68
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Comparison of the prediction with the actually found singularity of the multipoint Padé

68% and 95% confidence regions of the prediction are generated with the following  specific values for 
the nonuniversal constants

Nτ = 6

find good agreement. Coincidence? Need more data.→

Tc = (147 ± 6) MeV ,
z0 = 2.35 ± 0.2 ,

κB
2 = 0.012 ± 0.002 ,

 (O(2)) value |zc | = 2.032 [Connelly et al. PRL 125 (2020) 19]

[HotQCD], Gaussian error distribution assumed 

<latexit sha1_base64="JIdBHV4Nym9sQ3JB612Gpady9rg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVrVu7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB6CEjW0=</latexit>

}
[Dimpoulos et al. (Bielefeld-Parma) PRD 105 (2022) 034513]
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Scaling fields are unknown, a frequently used ansatz is given by a linear mapping 

 t

 h T

 μB μcep

 Tcep

t = αt(T − Tcep) + βt(μB − μcep)

h = αh(T − Tcep) + βh(μB − μcep)

For the Lee-Yang edge singularity we obtain  

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ ,

Real part: 
linear in T

Imaginary part: 
power law

The coefficient only 
depends on the slope 
of the crossover line

c1 = βT /βμ

 T

To visualise the scaling we use some ad-hoc values 

μcep = 500 − 630 MeV
Tcep = Tpc(1 − κB

2 ̂μ2
B)

κB
2 = 0.012

Tpc = 156.5 MeV
c1 = 0.024
c2 = 0.5
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4

a truncated series expansion of the equation of state
and compare these results with the exact solution
obtained by numerically solving Eq. (5).

RESULTS

We computed the equation of state perturbatively
in µ

2 by first solving @�⌦(�) = 0 order-by-order for
a range of temperatures with � = 0.1. By plugging
this solution into Eq. (4) and expanding in µ

2 we
obtained the Taylor series expansion for the pressure
p(T, µ) ⇡

PN
n=0 p2n(T )µ

2n. To illustrate the numer-
ical evaluation of the equation of state we focus on
the susceptibility,

�(T, µ) =
@
2
p

@µ2
⇡

N�1X

n=0

(2n+ 2)(2n)p2n+2(T )µ
2n
, (7)

because its singular part in the vicinity of the criti-
cal point it grows as �(µ) ⇠ Re(µ2�µ

2
LY )

��1 where
� = 1/2 in the mean field limit. Of course, in many
cases it is very di�cult, to generate such large num-
ber of terms. Therefore we also show results ob-
tained by 11 terms for comparison. We computed
the singularities both from Padé and conformal Padé
which are shown in Fig. 2 for two di↵erent tempera-
tures very close to and away from the critical point.
We used a simple conformal map,

�1(z) =
4µ2

LY z

(1 + z)2
, (8)

defined over one-cut complex plane with a singular-
ity located at µ2

LY to resolve f near the singularity
µ
2
LY . Since the other singularity is the complex con-

jugate pair, µ⇤2
LY , including its contribution is trivial.

Of course, a priori, we don’t know what µLY . There-
fore we first obtained a crude estimate for it from
regular Padé and we used it in �1(z), and refined
this estimate via conformal Padé.

In order to reconstruct the trajectory, µLY (T ), we
repeated this procedure for di↵erent temperatures.
In order to smooth out the T dependence of µLY we
used fits whose forms are determined from Eq. (6);
namely a linear fit for ReµLY (T ) and a y = ax

3/2

fit for ImµLY (T ). The results are shown in Fig. 3.
From these fits we obtained the values of Tc, µc, c1

and c2 shown in Table I.
Finally we computed the susceptibility as a func-

tion µ via Padé and conformal Padé. In order to
capture the global behavior of the equation of state
we used a di↵erent conformal map,

�2(z) = 4|µLY |2


✓

(1� z)2

�✓  1� ✓

(1 + z)2

�1�✓

, (9)

FIG. 2. The poles and zeroes of Padé and conformal
Padé approximants for two di↵erent temperatures com-
pared with the exact locations of µ2

LY .
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FIG. 3. The Lee-Yang singularity trajectory, µLY (T ), re-
constructed from conformal Padé with 20 and 10 terms.
The vertical line denotes Tc.

defined on a two-cut complex plane with two branch
points located at |µLY |2e±i⇡✓ [25, 27, 28]. The re-
sults for two representative temperatures near and
away from Tc are shown in Fig 4.

DISCUSSION

We now discuss these results. Firstly, notice that
near the critical point, T = 1.08Tc, Padé cannot re-

Tc µc c1 c2

exact 0.192 0.717 0.249 4.684
conf. Padé (N=21) 0.195 0.716 0.248 4.323
conf. Padé (N=11) 0.185 0.707 0.225 3.666

TABLE I. The location of the critical point and the Ising
model mapping parameters given in Eq. (6) extracted
from conformal Padé.

In the Gross-Neveu model, it has been demonstrated that 
a scaling analysis of the Lee-Yang edge  singularities can 
be used to determine the critical point 

[Basar, PRL 127 (2021) 171603]

However, 8th order is not sufficient to extract the correct 
results. 

 Need more precise data from lattice QCD →


