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Critical exponents, critical amplitudes and 
scaling functions are universal and well known 
and can be used


Verifying universality classes is more difficult
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Chiral Transition at : pseudo-
critical temperature 

➡ Special case 
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QCD critical end-point 

➡ Lee-Yang edge singularity 

➡ Metodoly: multi-point Pade vs Taylor 

expansion

➡ First results on the location of the CEP
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FIG. 8. Surface of critical temperature in the µB-µS plane.
The solid line shows Tc as function of µB in strangeness neu-
tral matter. The dashed line in the front corresponds to
µS = 0 whereas the dashed line at large µS corresponds to
the case µs = 0, which is equivalent to µS = µB/3.

expect that universal features of the chiral phase transi-
tion in (2+1)-flavor QCD is described by the same uni-
versality class for all finite, non-zero values of the strange
quark mass. As the strange quark mass does not break
chiral symmetry in the light quark sector explicitly, it
will appear as an external parameter in the energy-like
scaling variable t, just like the chemical potentials.
We may expand the chiral phase transition temper-

ature Tc, appearing in the definition of the energy-like
scaling field t given in Eq. 19, in terms of a Taylor se-
ries around the physical strange mass, mphy

s
. To leading

order we obtain,

Tc(ms) = Tc(m
phy

s
) +

@Tc(ms)

@ms

����
m

phy
s

�
ms �mphy

s

�

+O((�ms)
2) , (63)

Omitting just for clarity the µ-dependence of the scaling
variable t, introduced in Eq. 19, we rewrite t as

t =
1

t0


T

Tc(ms)
� 1

�

=
1

t0

" 
T

Tc(m
phy

s )
� 1

!
� ms

ms �mphy

s

mphy

s

#
(64)

+O((�T )2,�T�ms, (�ms)
2)

(65)

where

ms = �
mphy

s

Tc(m
phy

s )

@Tc(ms)

@ms

���
m

phy
s

. (66)

Using the definition of the light-strange susceptibility,
introduced in Eq. 11, we may obtain the curvature coef-
ficient ms from the ratio

K
ms(T,H) =

�`,ms

�M`

t(T )

. (67)

Results for the light-strange susceptibility are shown in
Fig. 9 (top). We see that the peak position of the suscep-
tibility shifts to smaller values as H decreases. Results
for the pseudo-critical temperatures corresponding to the
location of these peaks are also given in Table III and
shown in Fig. 5. It is apparent that these pseudo-critical
temperatures vary with H just like the other mixed sus-
ceptibilities obtained from derivatives of the chiral order
parameterM` with respect to a energy-like variable. This
confirms our expectation that that the strange quark
mass enters the universal scaling relations just like other
energy-like couplings.
Results for K

ms(T,H), obtained for several values of
H, are shown in Fig. 9 (bottom). From this we obtain
the curvature coe�cient ms in the chiral limit as

ms = lim
H!0

K
ms(Tc, H) . (68)
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M = Ml � H�l
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M = h1/� (fG(z) � f�(z))

 and  are universal function of a single 
scaling variable 

fG(x) fχ(z)

z = t/h1/βδ

[PRD 109 (2024) 11, 114516, 
arXiv: 2403.09390]
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FIG. 2. Left: The dimensionless renormalized order parameter M versus T . Shown also is a fit to the data for
H = 1/40 and 1/80 in the temperature interval T 2 [140 MeV : 148 MeV]. The resulting fit parameters (Tc, z0, h

�1/�
0 ) =

(143.8(2)MeV, 1.45(3), 39.0(3)), are also given in Table II. The fit result is also shown beyond the actual fit range. Right: The
renormalized order parameter M versus the bare scaling variable zb calculated using as input only the critical temperature
from the fit shown in the left hand figure.

we need to restrict the fit to small quark masses and a
temperature region close to the pseudo-critical tempera-
ture. This has also been done in earlier analyses of the
magnetic equation of state [41]. It should be noted that
in regular contributions to M the leading H dependent
term gets cancelled, leaving only a weaker H3 dependent
contribution arising from regular terms.

We fitted the scaling ansatz, Eq. 35, to data for M ob-
tained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval T 2 [140 MeV :
Tmax] with Tmax = 146 MeV and 148 MeV, respectively.
These fits have been performed with and without includ-
ing the data for the smallest quark mass H = 1/160,
which have been obtained on our smallest physical vol-
ume and may still su↵er somewhat from finite volume ef-
fects. The resulting fit parameters are given in Table II.
As can be seen the fit parameters vary little, although
the �2/dof of the fits is quite sensitive to the chosen
fit-interval and the range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter
M as function of the scaling variable zb introduced in
Eq. 23. As can be seen, scaling holds well at least up to
zb ' 0.5. For our smallest quark mass ratio, H = 1/160,
this corresponds to a temperature interval (T �Tc)/Tc '

0.026, which is similar to that finally used also in [41].
The fits performed in a small temperature interval and

for small values of H still provide a good description
of our data sets for larger and smaller masses as well
as for data outside the temperature range used in the
fits. Deviations of data outside the fit range from the fit
prediction provide an estimate for the influence of regu-
lar or sub-leading universal contributions. In Fig. 3 we
show the relative deviation of data from the fit also out-
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�0.1

0

0.1

0.2

0.3

0.4

0.5

135 140 145 150 155 160

M M

T

FIG. 3. Relative deviation of data from the fit shown in
Fig. 2 (left). Deviations are shown also outside the actual
fit range and for values of H not included in the fit.

side the actual fit interval. This suggests that correc-
tions to universal scaling behavior arising from regular
or sub-leading universal terms remain smaller than 10%
for (T � Tc)/Tc

<
⇠0.06.

In the following we use the average of the fit results

for (Tc, z0, h
�1/�
0 ) obtained by leaving out the data for

H = 1/160 in the fit. We take care of this data set by
including the di↵erences as systematic error contributing

[PRD 109 (2024) 11, 114516, arXiv: 2403.09390]

 (with updated statistics)


Corresponding pion masses: 
180 MeV, 140 MeV, 110 MeV, 80 MeV, 
55 MeV.  


Use O(2) scaling functions and 
exponents due to staggered fermions


Fit results for 


Continuum estimate:  MeV


Nτ = 8

mπ ≃

Nτ = 8

Tc = 132+2
−6

8

H
�1

T [MeV] Tc [MeV] z0 h
�1/�
0 �

2
/dof

(40,80) [140:146] 143.6(1) 1.39(2) 39.4(2) 1.2
(40,80) [140:148] 143.8(2) 1.45(3) 39.0(3) 4.1

(40,80,160) [140:146] 143.6(1) 1.36(3) 39.4(2) 3.7
(40,80,160) [140:148] 143.8(2) 1.40(4) 38.8(4) 15.1

TABLE II. Fit parameter obtained for fits with di↵erent sets
of quark masses and in di↵erent temperature intervals. The
fit shown in Fig. 2 (left) corresponds to the parameter set
with a �

2
/dof = 4.1.

to the quoted error for (Tc, z0, h
�1/�
0 ). We use,

Tc = 143.7(2) MeV , (36)

z0 = 1.42(6) , (37)

h�1/�
0 = 39.2(4) . (38)

Using the fit result for the scale parameter z0, we also
conclude from the rescaled order parameter data, shown
in Fig. 2 (left), that the parameter range in which we
find good scaling behavior without including sub-leading
corrections in our fits, corresponds to the region |z|<⇠0.7.
This suggests that the peak positions of mixed suscepti-
bilities are only mildly influenced by contributions from
sub-leading corrections to the dominant universal scal-
ing behavior, as zt, zt,(t,M) are of similar magnitude (see
Eqs. 32, 33). On the other hand, their influence on the
location of the peak of the chiral susceptibility will be
larger, as the peak is located at zm ' 1.7 (Eq. 31). We
will analyze this in more detail in the next subsection.

B. Pseudo-critical temperatures

As we exploit in our determination of the chiral critical
surface, scaling relations, which are valid at small values
of the symmetry breaking parameter H, it is worthwhile
to analyze first the behavior of pseudo-critical tempera-
tures at vanishing chemical potentials.

As pointed out in the previous section pseudo-critical
temperatures are not unique. Using extrema in second
derivatives of the partition function with respect to either
(i) the external field coupling H, or (ii) mixed derivatives
with respect to H and one of the temperature-like cou-
plings (T, µ2

`
, µ`µs, µ2

s
), or (iii) by using the temperature

derivative of a particular renormalized version of the or-
der parameter, we define three classes of pseudo-critical
temperatures3, which converge forH ! 0 to the uniquely
defined critical temperature Tc. In the universal scaling

3
In general one can also determine a pseudo-critical temperature

from the susceptibility obtained as second derivative with respect

to temperature (specific heat). However, in the O(N) univer-

sality class, this susceptibility does not diverge as the relevant

critical exponent ↵ is negative.

region these three sets of observables yield three di↵er-
ent sets of pseudo-critical temperatures, which will be or-
dered according to the universal position of the extrema
of the relevant scaling functions given in Eqs. 31-33, i.e.
in the scaling regime we expect to find

Tpc,m(H) > Tpc,t(H) > Tpc,(t,M)(H) . (39)

In Fig. 4 we show results for the three types of suscep-
tibilities, the chiral susceptibility (�Msub

m
: top, left), two

versions of mixed susceptibilities obtained from the un-
renormalized order parameter M` by taking derivatives
with respect to temperature (�M`

t(T ): top, right) or the

light quark chemical potential (�M`

t(`,`): bottom, left), and
the mixed susceptibility obtained as temperature deriva-
tive of the renormalized order parameter M (�M

t(T ): bot-

tom, right).
While the susceptibilities �Msub

m
and �M`

t(`,`) are directly

obtained from simulation data, the susceptibilities �M`

t(T )

and �M

t(T ) are obtained by taking T -derivatives of the ra-
tional polynomial ansätze used to fit M` and M , respec-
tively. As expected from Eqs. 29-30, we find that the
rise of the maxima of the mixed susceptibilities with de-
creasing H is slower than that of the chiral susceptibility
�Msub
m

.
We also calculate the mixed susceptibility �M`

t(s,s), ob-
tained by taking two derivatives of M` with respect to
the strange quark chemical potential. This susceptibility
first drops in the large quark mass region and starts to in-
crease only for H  1/80. It suggests that regular terms
still contribute strongly to this susceptibility, which ob-
viously is most sensitive to the strange quark sector. In
our analysis of pseudo-critical temperatures we therefore
do not include �M`

t(s,s).
Pseudo-critical temperatures are obtained from max-

ima of the fit functions used to fit the susceptibilities. For
�M`

t(T ) and �M

t(T )
4 , we use the maxima of the T -derivative

of the rational polynomial functions used to fit M` and
M respectively. The data for �Msub

m
and �M`

t(`,`) have been
interpolated directly using rational polynomial ansatze
from which the maxima have been calculated. We use
[3,2] Pade polynomials for all of the above fits. The error
bands have been obtained from a bootstrap analysis. We
summarize results of these fits in Table III and Fig. 5.
Note that in the table as well as in the figure, we also
include results for yet another mixed susceptibility ob-
tained from a derivative ofM` with respect to the strange
quark mass. We discuss this observable in more detail in
Section VI.

4
Note that we used in Eqs. 12 and 15, Tc as a temperature in-

dependent normalization for the dimensionless mixed suscepti-

bilities �
M`
t(T ) and �

M
t(T ). This insures that the maxima of these

mixed susceptibilities agree with the inflection points of the order

parameters M` and M , respectively.

[PRL 123 (2019) 6, 062002, arXiv: 1903.04801]

<latexit sha1_base64="mHSD2BW6/MyDw0kkGKxtMaYsaJA="></latexit>

M = h
�1/�
0 H

1/� (fG(z) � f�(z))
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T or µ̂f = µf/T with f = ` or s,

�M`

t(T ) = �Tc

@M`

@T
, (12)

�M`

t(f,f) = �
@2M`

@µ̂2
f

, (13)

�M`

t(`,s) = �
@2M`

@µ̂`@µ̂s

, (14)

Here t(T ) and t(f, g) indicate that derivatives of the order
parameter with respect to T or temperature like variables
µ̂f and µ̂g are taken. A corresponding set of susceptibil-
ities can be defined by replacing M` by the renormalized
order parameter Msub or M . We will use in the following
the mixed susceptibility

�M

t(T ) = �Tc

@M

@T
. (15)

Related to the two versions of a renormalized chiral
order parameter, Msub and M , we introduce two versions
of chiral susceptibilities, i.e. the derivatives of Msub or
M with respect to the light quark mass m`,

�Msub
m

=

✓
@

@mu

+
@

@md

◆
Msub , (16)

�M

m
=

✓
@

@mu

+
@

@md

◆
M . (17)

In the following we will only make use of �Msub
m

as the
calculation of �M

m
would require the calculation of three

derivatives of the lnZ with respect to the light quark
masses.

C. Universal critical behavior

At vanishing values of the chemical potentials the ex-
istence of a continuous 2nd order phase transition, oc-
curring at vanishing values of the two degenerate light
quark masses, m`, has been established [4, 7]. As the
chemical potentials (µ`, µs) do not explicitly break the
chiral symmetry, the point (µ`, µ`, µs) = (0, 0, 0) is part
of a surface of 2nd order phase transitions that occur at
temperatures, Tc(µ`, µs). In the vicinity of this critical
surface the free energy density, f = �(T/V ) lnZ, can be
split into a singular contribution and sub-leading correc-
tions that are of relevance in some range of H 6= 0,

f = fs(T, ~µ, ~m) + fsub�lead(T, ~µ, ~m) , (18)

with ~m = (m`,ms) and ~µ = (µ`, µs). The singular part
gives rise to divergences in higher order derivatives of the
free energy density. The sub-leading corrections involve
non-singular, regular terms as well as sub-dominant, uni-
versal singular corrections-to-scaling (cts).

In the vicinity of the critical surface the leading singu-
lar contribution to the free energy density dominates the

behavior of the chiral and mixed susceptibilities. The
dominant singular contribution is written in terms of
energy-like and magnetization-like scaling fields, ut and
uh, respectively. The former couples to operators in the
QCD Lagrangian, which are invariant under chiral trans-
formations in the light, degenerate 2-flavor sector and is
a function of all combinations of couplings (parameters)
appearing in the QCD Lagrangian, which leave the La-
grangian invariant under chiral rotations. The latter, on
the other hand, depends on combinations of couplings
that break this symmetry. The scaling fields ut and uh

vanish at a critical point. In its vicinity they may be
expanded in a Taylor series. Usually one uses only the
leading order Taylor series expansion, ut = t+O(t2, th2),
uh = h+O(th), with

t =
t̄

t0
=

1

t0

�
�T + `

2µ̂
2
`
+ s

2µ̂
2
s
+ 2`s

11µ̂`µ̂s

�
, (19)

h ⌘
H

h0
=

1

h0

m`

ms

. (20)

Here t0, h0 are dimensionless non-universal constants just
like Tc, and

�T =
T � Tc

Tc

. (21)

In Eq. 19 we introduced the reduced temperature t
as function of the energy-like couplings T and chemical
potentials in the flavor basis. This may as well be done in
the conserved charge basis using the chemical potentials
(µB , µS). Note that we do not include the isospin or
electric charge chemical potential in t̄ since this amounts
to introducing independent up and down quark chemical
potentials which explicitly breaks the symmetry group to
U(1)u ⇥ U(1)d ⇥ U(1)s.
Up to the sub-leading contributions from corrections-

to-scaling and contributions from regular terms, the tem-
perature and mass dependence of the singular part of the
free energy density is controlled by a single scaling vari-
able z,

fs(T, ~µ, ~m) = h0h
1+1/�ff (z) , (22)

with z = z0zb and

zb = t̄/H1/�� , z0 = h1/��
0 /t0 . (23)

The critical exponents �, � are unique in the universal-
ity class of the phase transition. As we consider in the
following the chiral limit taken at fixed lattice cut-o↵,
we use for definiteness critical exponents of the 3d, O(2)
universality class, i.e. we use [42],

� = 0.3490(30) , � = 4.7798(5) , !⌫c = 0.32(1) . (24)

Here we give in addition to the two critical exponents �, �
also the combination !⌫c ⌘ !⌫/��, with ⌫ = �(1 + �)/3
and ! denoting the sub-leading universal correction-to-
scaling exponent [42, 43]. The combination !⌫c controls

Temperature-like derivatives of the 
order parameter
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In addition to the mixed susceptibility �M`

t(T ), defined as
the T -derivative of M`, we also use the mixed suscepti-
bility �M

t(T ), which is obtained as the T -derivative of the
renormalized order parameter M . This defines another
pseudo-critical temperature, Tpc,(t,M).

As can be seen in Fig. 5 the pseudo-critical tempera-
tures reflect the ordering of the universal scaling relations
for allH  1/20. The pseudo-critical temperatures, how-
ever, are generally located outside the temperature range
in which we found good scaling behavior for the order pa-
rameter M , shown in Fig. 2. When fitting data for the
pseudo-critical temperatures to extract Tc we thus need
to take into account also the influence of sub-leading cor-
rections to the location of the maxima in susceptibilities.

We have fitted the data shown in Fig. 5 using scaling
ansätze appropriate for the di↵erent observables used to
define a pseudo-critical temperature and allowing for con-
tributions from corrections-to-scaling as well as regular
terms. We start with an ansatz for the unrenormalized
order parameter M`,

M` = h�1/�
0 H1/�

�
fG(z) + cH!⌫cfG,cts(z) +O(H2!⌫c)

�

+H
nmaxX

n=0

ant
n +O(H3) , (40)

and similarly for the renormalized order parameter M ,
where fG(z) gets replaced by fG(z) � f�(z). The def-
inition of the corrections-to-scaling function fG,cts and
further details about the above ansatz are provided in
Appendix B. Calculating the various susceptibilities by
starting from Eq. 40 one obtains the influence of the sub-
leading terms on the locations of the maxima of the sus-
ceptibilities by expanding the order parameter ansatz for
small values of H [33] in the vicinity of the relevant, uni-
versal peak locations zm, zt or zt,M . Keeping terms up to
nmax = 2 for the determination of Tpc,m and nmax = 3
for the determination of Tpc,x, x = t, (t,M), insures that
in both cases regular terms linear in t are kept in the de-
termination of maxima of the susceptibilites. This gives
for the position of a peak in the mixed susceptibilities

Tpc,x(H) = Tc

⇣
1 + t1,xH

1/�� + tc,xH
1/��+!⌫c

+t2,xH
1+(3��)/�� + t3,xH

1+(4��)/��
⌘

x = t, (t,M) , (41)

whereas for the chiral susceptibility one has [33],

Tpc,m(H) = Tc

⇣
1 + t1,mH1/�� + tc,mH1/��+!⌫c (42)

+t2,mH1+(2��)/�� + t3,mH1+(3��)/��
⌘

.

The coe�cient t1,x of the leadingH-dependent correction
to Tc is related to the universal parameters zx, given in
Eqs. 31-33, and the non-universal scale z0,

t1,x ⌘
zx
z0

, x = m, t, (t,M) . (43)
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FIG. 5. Pseudo-critical temperatures obtained from maxima
in (i) �Msub

m , (ii) �M`
t(T ), and �

M`
t(`,`), �`,ms and (iii) �M

t(T ). These
three sets of observables are related to universal maxima in
three di↵erent sets of scaling functions (see text). Lines show
joined fits performed with a scaling ansatz and including cor-
rections arising from correction-to-scaling as well as regular
terms as discussed in the text. Dashed lines show the lead-
ing H-dependent correction arising from the universal scaling
ansatz in this fit (see text).

We performed fits in which Tc and t1,x are kept as free
fit parameters as well as using for Tc and t1,x the values
determined from the scaling fits to the order parameter
M given in Eqs. 36, 37. Using Tc and t1,x as free fit
parameters gives result that are consistent with Eqs. 36,
37.

We performed joint fits to data for pseudo-critical tem-
peratures obtained from five di↵erent susceptibilities, de-
manding that they yield the same critical temperature
in the chiral limit. It turns out that in the case of the
mixed susceptibility �M

t(T ) these fits are not sensitive to
a term proportional to t3,(t,M). We thus set t3,(t,M) = 0
in our final fits. Furthermore, we need to control the
influence of the smaller volume used in our determina-
tion of Tpc in calculations with H = 1/160. We there-
fore performed fits (i) leaving out or (ii) including the
data for H = 1/160 as well as (iii) using the data for
H = 1/160 where we corrected the Tpc values, obtained
for H = 1/160, by a global shift of 0.25 MeV. This is
in accordance with the finite volume dependence found
in [4]. For N⌧ = 8, H = 1/80 it was found there that
pseudo-critical temperatures determined at zL,b ' 1.1
and 0.8 di↵er by about 0.25 MeV. We use this value also
as an estimate for finite volume e↵ects in our data ob-
tained for H = 1/160 at zL,b ' 1.1.

We find that fits using these three di↵erent approaches
yield similar results for the chiral transition temperature

Peak-position of susceptibilities 
determine a pseudo critical line 
(constant )
zx

<latexit sha1_base64="N1grAAGVdeu3J/XSmy/gAmKc7fI="></latexit>

Tpc,x = Tc

✓
1 +

zx

z0
H

1/�� + corrections to scaling

◆

Perform joined fit to peak positions of mixed susceptibilities, including 
corrections to scaling  results for  are in good agreement with EoS fits.
→ Tc, z0
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11 (bottom).

0
0.5

1
1.5

2 0
0.2

0.4
0.6

0.8
1

130
132
134
136
138
140
142
144
146

µB/T µS/T
T
c(
µ
B
/T

,µ
S
/T

)

135
136
137
138
139
140
141
142
143
144

FIG. 8. Surface of critical temperature in the µB-µS plane.
The solid line shows Tc as function of µB in strangeness neu-
tral matter. The dashed line in the front corresponds to
µS = 0 whereas the dashed line at large µS corresponds to
the case µs = 0, which is equivalent to µS = µB/3.

expect that universal features of the chiral phase transi-
tion in (2+1)-flavor QCD is described by the same uni-
versality class for all finite, non-zero values of the strange
quark mass. As the strange quark mass does not break
chiral symmetry in the light quark sector explicitly, it
will appear as an external parameter in the energy-like
scaling variable t, just like the chemical potentials.
We may expand the chiral phase transition temper-

ature Tc, appearing in the definition of the energy-like
scaling field t given in Eq. 19, in terms of a Taylor se-
ries around the physical strange mass, mphy

s
. To leading

order we obtain,

Tc(ms) = Tc(m
phy

s
) +

@Tc(ms)

@ms

����
m

phy
s

�
ms �mphy

s

�

+O((�ms)
2) , (63)

Omitting just for clarity the µ-dependence of the scaling
variable t, introduced in Eq. 19, we rewrite t as

t =
1

t0


T

Tc(ms)
� 1

�

=
1

t0

" 
T

Tc(m
phy

s )
� 1

!
� ms

ms �mphy

s

mphy

s

#
(64)

+O((�T )2,�T�ms, (�ms)
2)

(65)

where

ms = �
mphy

s

Tc(m
phy

s )

@Tc(ms)

@ms

���
m

phy
s

. (66)

Using the definition of the light-strange susceptibility,
introduced in Eq. 11, we may obtain the curvature coef-
ficient ms from the ratio

K
ms(T,H) =

�`,ms

�M`

t(T )

. (67)

Results for the light-strange susceptibility are shown in
Fig. 9 (top). We see that the peak position of the suscep-
tibility shifts to smaller values as H decreases. Results
for the pseudo-critical temperatures corresponding to the
location of these peaks are also given in Table III and
shown in Fig. 5. It is apparent that these pseudo-critical
temperatures vary with H just like the other mixed sus-
ceptibilities obtained from derivatives of the chiral order
parameterM` with respect to a energy-like variable. This
confirms our expectation that that the strange quark
mass enters the universal scaling relations just like other
energy-like couplings.
Results for K

ms(T,H), obtained for several values of
H, are shown in Fig. 9 (bottom). From this we obtain
the curvature coe�cient ms in the chiral limit as

ms = lim
H!0

K
ms(Tc, H) . (68)

Ratio of mixed susceptibilities are 
related to the curvature coefficients 
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results may be transformed to the  
hadronic basis


<latexit sha1_base64="2bugbsvAtFD4+whdVDadB8ZqVwQ="></latexit>

t =
1

t0

�
�T + l

2µ̂
2
l + s

2µ̂
2
s + 2ls

11µ̂lµ̂s

�

<latexit sha1_base64="EfswDPtsCnD7M60qZuBKIPJauBM="></latexit>

B,µ̂S=0
2 ⌘ B

2 = 0.015(1)

[PRD 109 (2024) 11, 114516, arXiv: 2403.09390]
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B,nS=0
2 = 0.893(35)B

2
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B,µ̂s=0
2 = 0.968(23)nS=0

2

Remember:


https://arxiv.org/abs/2403.09390


Scaling fields are unknown, a frequently used 
ansatz is given by a linear mixing of T, μB

 t

 h T

 μB μcep

 Tcep

For a constant  we obtain z = zc

8
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t = At�T +Bt�µB ,

h = Ah�T +Bh�µB ,

with  and ΔT = T − TCEP ΔμB = μB − μCEP
B

<latexit sha1_base64="fPN1oKy9BPkQzHaXwIVHY/j2poY="></latexit>

Re[µLYE] = µ
CEP
B + c1�T + c2�T

2 +O(�T
3)

Im[µLYE] = c3�T
��
,

The fit parameter  gives the (inverse) slope of 

the 1st order line at the critical point: 

c1
c1 = − Ah /Bh

Mixing of scaling fields: 

Fit Ansatz: 

Scaling in the vicinity of the QCD critical point   

[Stephanov, Phys. Rev. D, 73.9, 094508 (2006)]

Lee-Yang edge: 
complex  planeh

hc = 0 Re h

Im h

t3
t2
t1

Poles approach critical point along 
imaginary -axis [Yang,Lee’59]


 is const. and universal
h

t/h1/βδ = zc



9Padé resummation of the Taylor series about  μB = 0Method and Disclaimer 9

Lattice QCD is hindered by the infamous 
sign problem

➡ need to relay on indirect methods 


Use existing Taylor expansion around 
 and Padé resummation for 
, and multi-point Padé applied to 

calculations at imaginary  for .

➡ expect cutoff effects and systematic 

errors 

μB = 0
Nτ = 8

μB Nτ = 6

This is not the final answer!
Estimate location of complex zeros of the 
partition function by multi-point Padé 
technique


Replace expensive calculation of sixth and 
eights order by many expansion points at 
imaginary chemical potential


Investigate the universal Lee-Yang scaling 
of the zeros

➡ determine location of the phase 

transition by extrapolation 

Method:



10The Padé resummation

Detecting phase 
transitions via Padé 
and post-Padé 
approximants has a 
long history in 
statistical and high 
energy physics 


They are often used 
in combination with 
perturbation theory 


QCD is non-
perturbative in the 
vicinity of the phase 


The numerical 
calculation of the 
pressure series in  
is difficult 

μB
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HotQCD, PRD 108 (2023) 1, 014510, arXiv: 2212.09043]

https://arxiv.org/abs/2212.09043


Padé resummation of the Taylor series about  μB = 0 11

T
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Re µ̂+
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T ↘

Construct [4,4]-Padé 
from 8th order Taylor 
Expansion


Calculate complex 
roots of the 
denominator


Find apparent 
approach to the real 
axis with decreasing 
temperature


Can also be 
combined with 
conformal maps     
[Basar, 2312.06952]
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B

[PRD 105 (2022) 7, 074511, arXiv: 2202.09184]

https://arxiv.org/abs/2312.06952


12Lattice Setup ( )Nτ = 6

Use (2+1)-flavor of Highly Improved Staggered 
Quarks (HISQ) with physical masses 
( ). 


Lattice size:  

Use Line of Constant Physics (LCP) and scale 
setting from HotQCD


Introduce non-zero imaginary chemical 
potential , which 
corresponds to  and  

ml /ms = 1/27

363 × 6

̂μu = ̂μd = ̂μs = iθ
μB = 3μu μS = 0

<latexit sha1_base64="3/zCyB8xhcb4ws6ODOX0f7KOTEM="></latexit>

T [MeV] Nµ Nconf/Nµ

166.6 10 1800
157.5 10 4780
145.0 10 5300
136.1 10 6840
120.0 10 24000

Statistics:
Code:

SIMULATeQCD by HotQCD                
[Comp.Phys.Comm. 300 (2024) 109164]

Simulation Parameters:

Machines: 
Juwels-Booster @ JSC


Marconi100 @ CINECA


Leonardo @ CINECA



13Lattice Data

Lattice size:  363 × 6

°0.1

0.0

0.1

Im
[¬

B 1
]

°3 °2 °1 0 1 2 3
Im[µB/T ]

°0.2

°0.1

0.0

0.1

R
e[

¬
B 2
]

T = 166.6 MeV

T = 157.5 MeV

T = 145.0 MeV

T = 136.1 MeV

T = 120.0 MeV

[arXiv: 2403.09390]

Observables: 

Derivatives of , w.r.t  ln Z ̂μB = μB /T
<latexit sha1_base64="f/j2EmB9iDVWzuzfjTIKGf6OaH4="></latexit>

�B
n (T ) =

V

T 3

✓
@

@µ̂B

◆n

lnZ(T, µ̂B)

 is even in  and 
periodic, with periodicity  


Choose 10 equidistant -points  
in , all further points are 
obtained by periodicity and parity


Odd (even) derivatives are 
imaginary (real) at 

ln Z ̂μB = iθ
2π

̂μB
[0,iπ]

̂μB = iθ

https://arxiv.org/abs/2403.09390


14Sliding Window Analysis
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] approximation: R3
3(x)

data: T = 120 MeV

expansion points

complex singularities

Procedure: 
Perform simultaneous fits to  
and  for each temperature 


Use [3,3]-Padé


Varry length of the fit interval in 
 and the center of the 

interval in 


bootstrap over the data by 
assuming independent and normal 
distributed errors


Calculate roots of the denominator 
and keep only roots in the first 
quadrant 


Collect all the results for Lee-Yang 
scaling fits. We have 55 different 
intervals per temperature.

χB
1

χB
2

[π,2π]
[−π/2, + π/2]

 MeVT = 120

[arXiv: 2405.10196]

https://arxiv.org/abs/2405.10196


Fit results  15
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Ellipses show 1  confidence region, using 
the Pearson correlation coefficient 

σ

 singularities show here are chosen 

on the basis of the  of the scaling fit 
(“best fit”)

Nτ = 6
χ2

Orange box shows the AIC weighted result 
for , based on  scaling fitsNτ = 6 𝒪(105)

Perform one fit for  and  fits for Nτ = 8 𝒪(105) Nτ = 6
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Re[µLYE] = µCEP
B + c1�T + c2�T 2

Im[µLYE] = c3�T ��,



Statistical analysis of fits 16

Error bars are based on the inner 68-percentile 

Histogram over the  and  from the   fits TCEP μCEP
B 𝒪(105)

Observe interesting structure

Dashed line 
indicates the 
continuum 
extrapolated 
crossover line



Statistical analysis of fits 17
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N⌧ = 6 N⌧ = 8

multi-point Padé [4,4]-Padé

T
CEP [MeV] µ

CEP
B [MeV] µB/T T

CEP [MeV] µ
CEP
B [MeV] µB/T

best fit 90.7 ± 7.7 461.2 ± 220 5.09 ± 0.68 101 ± 15 560 ± 140 5.5 ± 1.7
weight-1 105.4 + 8.0 � 18.4 422.9 + 80.5 � 34.9 3.92 + 1.52 � 0.24
weight-2 100.8 + 11.6 � 26.8 430.9 + 208.2 � 42.2 4.20 + 4.13 � 0.47

c1 c2 c3 c1 c2 c3

best fit -6.2 ± 9.2 0.115 ± 0.090 0.424 ± 0.086 -12.3 ± 8.1 0.203 ± 0.059 0.55 ± 0.25

TABLE II. Obtained fit parameters from the fit with eq. (5) to the real and imaginary parts of the singularities of lnZ. For
N⌧ = 6, we show the results for the fit with the smallest �

2
/d.o.f. (0.067), as well as the median and 1�-percentiles of all

performed fits, weighted with (’weight-1’) and without the AIC (’weight-2’).

determination of the crossover line.
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Parametrizations of the crossover line: 

1.)

2.)

Continuum estimate might 
suffer from large systematic 
effects (Padé vs multi-point 
Padé)

κ2 = κ̄2 = − 0.015(1)

Many results seem to favour a 
small κ̄4 ≈ − 0.0002(1)

[HotQCD, 2403.09390]

https://arxiv.org/abs/2403.09390
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New Strategy: Determine the QCD critical point by the temperature scaling of the 
Lee-Yang edge singularity 


Technically this requires Pade or multi-point Pade analysis of  derivatives. The 
later eliminates the need for the calculation of high order expansion coefficients but 
introduces some interval dependence.  


Find encouraging results for : 


No continuum result yet 


Current estimates of the cutoff effects increase  towards  MeV

ln Z

Nτ = 6 (TCEP, μCEP
B ) = (105+8

−18,422+80
−35) MeV .

μCEP
B μCEP

B ≈ 650

Universal scaling is a very powerful tool if the scaling fields and the universality class 
are known. 


Transition temperate in the chiral limit, pseudo-critical line and curvature coefficients 
are obtained from scaling fits. 


Pseudo-critical lines correspond (asymptotically) to a constant real , the 
Lee-Yang edge to a universal complex 


z = t/h1/βδ

zc
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21Simulation Strategie 

 ̂μ2
B = ( μB

T )
2

 −π2

 Tpc

 T

 ̂μ2
B = ( μB

T )
2

 −π2

 Tpc

 T

Calculate derivatives of the pressure 
p
T4

=
ln Z
VT3

 Taylor expansion in (T, μB = 0) : μ2
B  Taylor expansion in (T, μ2

B < 0) : μB

 perform a Padé resummation to 
obtain the complex singularity that 

limit the radius of convergence

⇒  obtain a rational approximation of the 
data (e.g. by the multi-point Padé) to 

obtain the closest singularity 

⇒

 alternatively, analyse the (asymptotic) 
behaviour of the Fourier coefficients

⇒

[Allton et al. PRD 66 (2002) ] [De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]



The Padé vs. multipoint Padé methods

A Padé approximation is constructed such 
that the expansion of the Padé is identical to 
the Taylor series about  x = 0

Standard Padé:

Starting point is a power series 

f(x) =
L

∑
i=0

ci xi + 𝒪(xL+1) .

We denote the [m/n]-Padé as 

Rm
n (x) =

Pm(x)
Q̃n(x)

=
Pm(x)

1 + Qn(x)
=

m
∑
i=0

ai xi

1 +
n

∑
j=1

bj x j

One possibility to solve for the coefficients 
, is by solving the tower of equations ai, bj

Pm(0) − f (0)Qn(0) = f (0)

⋮

Multipoint Padé:

We have power series at several points xk

We demand that at all points  the expansion 
of the Padé is identical to the Taylor series 
about 

xk

x = xk

One possibility (method I) to solve for the 
coefficients , is by solving the tower of 

equations 

ai, bj

 Linear system of size , 
need  derivatives of 

→ m + n + 1
m + n f(x)

P′￼m(0) − f′￼(0)Qn(0) − f(0)Q′￼n(0) = f′￼(0)

P′￼m(x0) − f′￼(x0)Qn(x0) − f(x0)Q′￼n(x0) = f′￼(x0)

Pm(x0) − f (x0)Qn(x0) = f (x0)

P′￼m(x1) − f′￼(x1)Qn(x1) − f(x1)Q′￼n(x1) = f′￼(x1)

Pm(x1) − f (x1)Qn(x1) = f (x1)
⋮

⋮

 again a linear system of size , 
need much less derivatives, we have 

→ m + n + 1

m + n + 1 = ∑
k

(Lk + 1)

22

[Dimpopoulos et al. Phys.Rev.D 105 (2022) 3, 034513]



The multipoint Padé method - results singularity structure ( )Nτ = 4

 (NS)

 (S)

 T = 201 MeV = TRW  T = 186 MeV  T = 167 MeV

 find signature for branch cut along 
 at 

→
μB /T = μR

B ± iπ T = {201,186} MeV
 find almost perfect cancelation of 

many zeros and poles 
→

23

[Dimopoulos et al.,  PRD 105 (2022)]
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Lee-Yang edge singularities in QCD

T

µB

mu,
d
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0

Track Lee-Yang edge singularity in the 

complex  -plane, as function of 


We can think of three distinct critical points/
scaling regions: Roberge Weiss transition, 
chiral transition, QCD critical point 


Solve  for different scaling 
fields and non-universal constants.

μB

T
T

t/h1/βδ ≡ zYL

 ( μB

T )
2 −π2

 Tpc

 T

24

2nd order O(4)
tri-critical
2nd order Z(2)
1st order
crossover

 different temperature intervals are sensitive to  
different scaling of the Lee-Yang edge singularity  
→



Fit TRW

Fit 1602.01426v2

this work

1602.01426v2

25The Roberge-Weiss temperature

Nø = 4

Nø = 6

Nø = 8

continuum

The approach of the LY edge to the RW critical point: By 
solving  we find
z = t/h1/βδ ≡ zc

<latexit sha1_base64="IKsryDbZRwJYcEElU8HDaX8hZC8="></latexit>

µ̂R
LY = a(N⌧ )

✓
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TRW (N⌧ )

◆��

with 
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µ̂R
LY = Re[µB/T ]

We assume 
<latexit sha1_base64="W5c1ZdlX1HTzG0ypD5iizfP04Ek="></latexit>

TRW = T (0)
RW + T (2)

RW /N2
⌧
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�2 ⇡ 0.4

Obtain continuum result


Combined fit
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T (0)
RW = 211.1 ± 3.1 MeV

 in good agreement with previous 
results from the Pisa group
⇒

[Bonati et al., PRD 93 (2016) 074504]
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26A parametrisation of of the scaling function
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- The coefficients  can be determined 
perturbatively and non-perturabively 

h3, h5

[Guida, Zinn-Justin, NPB 489 (1997)]
 [Karsch et al. PRD 108 (2023) 014505]

- the coefficient  is not known precisely (zero within current precision)

-  introduces an additional pair of singularities (imaginary if , real if )

-  can be used to tune the phase of the LY edge singularity

h7
h7 ≠ 0 h7 > 0 h7 < 0
h7

|zLY | = 2.418(55)

 [Karsch, CS, Singh, arXiv:2311.13530]


