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How criticality at macroscale arises from microscopic d.o.f. of QCD ? 
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Chiral transition and universal O(N) scaling of the QCD transition 
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Chiral transition for small quark masses and universal scaling

For sufficiently small ml the chiral transition is governed by universal O(4) scaling  
SU(2)V ⌦ SU(2)A ⇠ O(4)
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V
lnZ = freg(T,ml) + fs(t, h)
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Chiral transition for small quark masses and universal scaling
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Ding et al, Lattice’ 12, arXiv:1312.0119
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Staggered quarks only preserve a subgroup of chiral symmetry of QCD:
) O(4) ! O(2)
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<latexit sha1_base64="xjgSZnLEwZ5pfviFvIe9XCpIFAk=">AAACMnicbVDNS8MwHE39nPOr6tFLcAjzMtoh6EUYeFG8TNgXrKWkWbqFpWlJUmGU/k1e/EsED3pQxKt/hGnXg27+IOHx3vuRvOfHjEplWa/Gyura+sZmZau6vbO7t28eHPZklAhMujhikRj4SBJGOekqqhgZxIKg0Gek70+vc73/QISkEe+oWUzcEI05DShGSlOeeeuESE18P73LPLvu+EhAJ5a0uM6unEAgnHaytJdBhyE+ZgQumqAjCsEza1bDKgYuA7sENVBO2zOfnVGEk5BwhRmScmhbsXJTJBTFjGRVJ5EkRniKxmSoIUchkW5aRM7gqWZGMIiEPlzBgv29kaJQylnoa2ceUC5qOfmfNkxUcOmmlMeJIhzPHwoSBlUE8/7giAqCFZtpgLCg+q8QT5CuSemWq7oEezHyMug1G7bG9+e1VrOsowKOwQmoAxtcgBa4AW3QBRg8ghfwDj6MJ+PN+DS+5tYVo9w5An/G+P4Bw76pyQ==</latexit><latexit sha1_base64="xjgSZnLEwZ5pfviFvIe9XCpIFAk=">AAACMnicbVDNS8MwHE39nPOr6tFLcAjzMtoh6EUYeFG8TNgXrKWkWbqFpWlJUmGU/k1e/EsED3pQxKt/hGnXg27+IOHx3vuRvOfHjEplWa/Gyura+sZmZau6vbO7t28eHPZklAhMujhikRj4SBJGOekqqhgZxIKg0Gek70+vc73/QISkEe+oWUzcEI05DShGSlOeeeuESE18P73LPLvu+EhAJ5a0uM6unEAgnHaytJdBhyE+ZgQumqAjCsEza1bDKgYuA7sENVBO2zOfnVGEk5BwhRmScmhbsXJTJBTFjGRVJ5EkRniKxmSoIUchkW5aRM7gqWZGMIiEPlzBgv29kaJQylnoa2ceUC5qOfmfNkxUcOmmlMeJIhzPHwoSBlUE8/7giAqCFZtpgLCg+q8QT5CuSemWq7oEezHyMug1G7bG9+e1VrOsowKOwQmoAxtcgBa4AW3QBRg8ghfwDj6MJ+PN+DS+5tYVo9w5An/G+P4Bw76pyQ==</latexit><latexit sha1_base64="xjgSZnLEwZ5pfviFvIe9XCpIFAk=">AAACMnicbVDNS8MwHE39nPOr6tFLcAjzMtoh6EUYeFG8TNgXrKWkWbqFpWlJUmGU/k1e/EsED3pQxKt/hGnXg27+IOHx3vuRvOfHjEplWa/Gyura+sZmZau6vbO7t28eHPZklAhMujhikRj4SBJGOekqqhgZxIKg0Gek70+vc73/QISkEe+oWUzcEI05DShGSlOeeeuESE18P73LPLvu+EhAJ5a0uM6unEAgnHaytJdBhyE+ZgQumqAjCsEza1bDKgYuA7sENVBO2zOfnVGEk5BwhRmScmhbsXJTJBTFjGRVJ5EkRniKxmSoIUchkW5aRM7gqWZGMIiEPlzBgv29kaJQylnoa2ceUC5qOfmfNkxUcOmmlMeJIhzPHwoSBlUE8/7giAqCFZtpgLCg+q8QT5CuSemWq7oEezHyMug1G7bG9+e1VrOsowKOwQmoAxtcgBa4AW3QBRg8ghfwDj6MJ+PN+DS+5tYVo9w5An/G+P4Bw76pyQ==</latexit><latexit sha1_base64="xjgSZnLEwZ5pfviFvIe9XCpIFAk=">AAACMnicbVDNS8MwHE39nPOr6tFLcAjzMtoh6EUYeFG8TNgXrKWkWbqFpWlJUmGU/k1e/EsED3pQxKt/hGnXg27+IOHx3vuRvOfHjEplWa/Gyura+sZmZau6vbO7t28eHPZklAhMujhikRj4SBJGOekqqhgZxIKg0Gek70+vc73/QISkEe+oWUzcEI05DShGSlOeeeuESE18P73LPLvu+EhAJ5a0uM6unEAgnHaytJdBhyE+ZgQumqAjCsEza1bDKgYuA7sENVBO2zOfnVGEk5BwhRmScmhbsXJTJBTFjGRVJ5EkRniKxmSoIUchkW5aRM7gqWZGMIiEPlzBgv29kaJQylnoa2ceUC5qOfmfNkxUcOmmlMeJIhzPHwoSBlUE8/7giAqCFZtpgLCg+q8QT5CuSemWq7oEezHyMug1G7bG9+e1VrOsowKOwQmoAxtcgBa4AW3QBRg8ghfwDj6MJ+PN+DS+5tYVo9w5An/G+P4Bw76pyQ==</latexit>

K2( ̄ ) =
T

V
h[( ̄ )� h ̄ i]2i

<latexit sha1_base64="t+nFJAG0hbhqbgptAb0z8dZgt0U=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoh6AvwsAXwZcJu0FbS5qlW1ialiQVRumfFHzQv+KL2Q3c5gcJJ+ecjy85CRJGpbKsL8M8KBQPS+VK9ej45PSsdl4fyDgVmPRxzGIxCpAkjHLSV1QxMkoEQVHAyDCYPS304TsRksa8p+YJ8SI04TSkGClN+bXYjZCaBkH2kvvtphsgAd1E0uV28+iGAuGsl2eDHLoM8Qkj0Nl1VW 830rYAXbGioffW3hz8WsNqWcuC+8BegwZYV9evfbjjGKcR4QozJKVjW4nyMiQUxYzkVTeVJEF4hibE0ZCjiEgvWwaTw2vNjGEYC724gkv2b0eGIinnUaCdixjkrrYg/9OcVIUPXkZ5kirC8WpQmDKoYrhIGY6pIFixuQYIC6rvCvEU6TCV/ouqDsHeffI+GLRbtsavd41Oex1HGVyCK9AENrgHHfAMuqAPMPgEP0bBKBrfJjBLZmVlNY11zwXYKrP+C8dLshA=</latexit><latexit sha1_base64="t+nFJAG0hbhqbgptAb0z8dZgt0U=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoh6AvwsAXwZcJu0FbS5qlW1ialiQVRumfFHzQv+KL2Q3c5gcJJ+ecjy85CRJGpbKsL8M8KBQPS+VK9ej45PSsdl4fyDgVmPRxzGIxCpAkjHLSV1QxMkoEQVHAyDCYPS304TsRksa8p+YJ8SI04TSkGClN+bXYjZCaBkH2kvvtphsgAd1E0uV28+iGAuGsl2eDHLoM8Qkj0Nl1VW 830rYAXbGioffW3hz8WsNqWcuC+8BegwZYV9evfbjjGKcR4QozJKVjW4nyMiQUxYzkVTeVJEF4hibE0ZCjiEgvWwaTw2vNjGEYC724gkv2b0eGIinnUaCdixjkrrYg/9OcVIUPXkZ5kirC8WpQmDKoYrhIGY6pIFixuQYIC6rvCvEU6TCV/ouqDsHeffI+GLRbtsavd41Oex1HGVyCK9AENrgHHfAMuqAPMPgEP0bBKBrfJjBLZmVlNY11zwXYKrP+C8dLshA=</latexit><latexit sha1_base64="t+nFJAG0hbhqbgptAb0z8dZgt0U=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoh6AvwsAXwZcJu0FbS5qlW1ialiQVRumfFHzQv+KL2Q3c5gcJJ+ecjy85CRJGpbKsL8M8KBQPS+VK9ej45PSsdl4fyDgVmPRxzGIxCpAkjHLSV1QxMkoEQVHAyDCYPS304TsRksa8p+YJ8SI04TSkGClN+bXYjZCaBkH2kvvtphsgAd1E0uV28+iGAuGsl2eDHLoM8Qkj0Nl1VW 830rYAXbGioffW3hz8WsNqWcuC+8BegwZYV9evfbjjGKcR4QozJKVjW4nyMiQUxYzkVTeVJEF4hibE0ZCjiEgvWwaTw2vNjGEYC724gkv2b0eGIinnUaCdixjkrrYg/9OcVIUPXkZ5kirC8WpQmDKoYrhIGY6pIFixuQYIC6rvCvEU6TCV/ouqDsHeffI+GLRbtsavd41Oex1HGVyCK9AENrgHHfAMuqAPMPgEP0bBKBrfJjBLZmVlNY11zwXYKrP+C8dLshA=</latexit><latexit sha1_base64="t+nFJAG0hbhqbgptAb0z8dZgt0U=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoh6AvwsAXwZcJu0FbS5qlW1ialiQVRumfFHzQv+KL2Q3c5gcJJ+ecjy85CRJGpbKsL8M8KBQPS+VK9ej45PSsdl4fyDgVmPRxzGIxCpAkjHLSV1QxMkoEQVHAyDCYPS304TsRksa8p+YJ8SI04TSkGClN+bXYjZCaBkH2kvvtphsgAd1E0uV28+iGAuGsl2eDHLoM8Qkj0Nl1VW 830rYAXbGioffW3hz8WsNqWcuC+8BegwZYV9evfbjjGKcR4QozJKVjW4nyMiQUxYzkVTeVJEF4hibE0ZCjiEgvWwaTw2vNjGEYC724gkv2b0eGIinnUaCdixjkrrYg/9OcVIUPXkZ5kirC8WpQmDKoYrhIGY6pIFixuQYIC6rvCvEU6TCV/ouqDsHeffI+GLRbtsavd41Oex1HGVyCK9AENrgHHfAMuqAPMPgEP0bBKBrfJjBLZmVlNY11zwXYKrP+C8dLshA=</latexit>

Chiral transition and spectrum of Dirac eigenvalues

K3( ̄ ) =
T

V
h[( ̄ )� h ̄ i]3i

<latexit sha1_base64="TWgyrWEP89ypM1+q7olreW0EU4M=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoN0FfhIEvgi8TdoO1jjRLt7A0LUkqjNI/Kfigf8UX013AbX6QcHLO+fiSEy9iVCrL+jLMg1z+sFAslY+OT07PKufVvgxjgUkPhywUQw9JwignPUUVI8NIEBR4jAy8+VOmD96JkDTkXbWIiBugKac+xUhpalwJnQCpmeclL+m4VXc8JKATSbrcbh4dXyCcdNOkn0KHIT5lBI52Xe XbjbQtQEesaOi+tTaHcaVmNaxlwX1gr0ENrKszrnw4kxDHAeEKMyTlyLYi5SZIKIoZSctOLEmE8BxNyUhDjgIi3WQZTAqvNTOBfij04gou2b8dCQqkXASedmYxyF0tI//TRrHyH9yE8ihWhOPVID9mUIUwSxlOqCBYsYUGCAuq7wrxDOkwlf6Lsg7B3n3yPug3G7bGr3e1dnMdRxFcgitQBza4B23wDDqgBzD4BD9Gzsgb3yYwC2ZpZTWNdc8F2Cqz+gvKvrIS</latexit><latexit sha1_base64="TWgyrWEP89ypM1+q7olreW0EU4M=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoN0FfhIEvgi8TdoO1jjRLt7A0LUkqjNI/Kfigf8UX013AbX6QcHLO+fiSEy9iVCrL+jLMg1z+sFAslY+OT07PKufVvgxjgUkPhywUQw9JwignPUUVI8NIEBR4jAy8+VOmD96JkDTkXbWIiBugKac+xUhpalwJnQCpmeclL+m4VXc8JKATSbrcbh4dXyCcdNOkn0KHIT5lBI52Xe XbjbQtQEesaOi+tTaHcaVmNaxlwX1gr0ENrKszrnw4kxDHAeEKMyTlyLYi5SZIKIoZSctOLEmE8BxNyUhDjgIi3WQZTAqvNTOBfij04gou2b8dCQqkXASedmYxyF0tI//TRrHyH9yE8ihWhOPVID9mUIUwSxlOqCBYsYUGCAuq7wrxDOkwlf6Lsg7B3n3yPug3G7bGr3e1dnMdRxFcgitQBza4B23wDDqgBzD4BD9Gzsgb3yYwC2ZpZTWNdc8F2Cqz+gvKvrIS</latexit><latexit sha1_base64="TWgyrWEP89ypM1+q7olreW0EU4M=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoN0FfhIEvgi8TdoO1jjRLt7A0LUkqjNI/Kfigf8UX013AbX6QcHLO+fiSEy9iVCrL+jLMg1z+sFAslY+OT07PKufVvgxjgUkPhywUQw9JwignPUUVI8NIEBR4jAy8+VOmD96JkDTkXbWIiBugKac+xUhpalwJnQCpmeclL+m4VXc8JKATSbrcbh4dXyCcdNOkn0KHIT5lBI52Xe XbjbQtQEesaOi+tTaHcaVmNaxlwX1gr0ENrKszrnw4kxDHAeEKMyTlyLYi5SZIKIoZSctOLEmE8BxNyUhDjgIi3WQZTAqvNTOBfij04gou2b8dCQqkXASedmYxyF0tI//TRrHyH9yE8ihWhOPVID9mUIUwSxlOqCBYsYUGCAuq7wrxDOkwlf6Lsg7B3n3yPug3G7bGr3e1dnMdRxFcgitQBza4B23wDDqgBzD4BD9Gzsgb3yYwC2ZpZTWNdc8F2Cqz+gvKvrIS</latexit><latexit sha1_base64="TWgyrWEP89ypM1+q7olreW0EU4M=">AAACWHicbVFbS8MwGE3r5i7e5nz0JTiE+eBoN0FfhIEvgi8TdoO1jjRLt7A0LUkqjNI/Kfigf8UX013AbX6QcHLO+fiSEy9iVCrL+jLMg1z+sFAslY+OT07PKufVvgxjgUkPhywUQw9JwignPUUVI8NIEBR4jAy8+VOmD96JkDTkXbWIiBugKac+xUhpalwJnQCpmeclL+m4VXc8JKATSbrcbh4dXyCcdNOkn0KHIT5lBI52Xe XbjbQtQEesaOi+tTaHcaVmNaxlwX1gr0ENrKszrnw4kxDHAeEKMyTlyLYi5SZIKIoZSctOLEmE8BxNyUhDjgIi3WQZTAqvNTOBfij04gou2b8dCQqkXASedmYxyF0tI//TRrHyH9yE8ihWhOPVID9mUIUwSxlOqCBYsYUGCAuq7wrxDOkwlf6Lsg7B3n3yPug3G7bGr3e1dnMdRxFcgitQBza4B23wDDqgBzD4BD9Gzsgb3yYwC2ZpZTWNdc8F2Cqz+gvKvrIS</latexit>

 ̄ (m) ⌘ 2Tr( /D[U ] +m)�1 = 2
X

j

(i�j +m)�1

<latexit sha1_base64="ItWGZmS+vvU2M64cNiBb5LM16O0="></latexit><latexit sha1_base64="ItWGZmS+vvU2M64cNiBb5LM16O0="></latexit><latexit sha1_base64="ItWGZmS+vvU2M64cNiBb5LM16O0="></latexit><latexit sha1_base64="ItWGZmS+vvU2M64cNiBb5LM16O0="></latexit>

Macroscopic Microscopic

=

Z 1

0
K1[PU (�;ml)] d� =

T

V

Z 1

0
d�

4ml h⇢U (�)i
�2 +m2

l

=

=

Z 1

0
P1(�)d�

<latexit sha1_base64="CON1QM9khIKsF5MAt6B8vdbUVVM="></latexit><latexit sha1_base64="CON1QM9khIKsF5MAt6B8vdbUVVM="></latexit><latexit sha1_base64="CON1QM9khIKsF5MAt6B8vdbUVVM="></latexit><latexit sha1_base64="CON1QM9khIKsF5MAt6B8vdbUVVM="></latexit>

=

Z 1

0
P3(�)d�

<latexit sha1_base64="1grOvjcaClWWOz5octrfFpyD3Es="></latexit><latexit sha1_base64="1grOvjcaClWWOz5octrfFpyD3Es="></latexit><latexit sha1_base64="1grOvjcaClWWOz5octrfFpyD3Es="></latexit><latexit sha1_base64="1grOvjcaClWWOz5octrfFpyD3Es="></latexit>

=

Z 1

0
K1[PU (�1;ml), PU (�2;ml)] d�1d�2

=
T

V

Z 1

0
d�1d�2

(4ml)2

(�2
1 +m2

l )(�
2
2 +m2

l )
⇥

[h⇢U (�1)⇢U (�2)i � h⇢U (�1)i h⇢U (�2)i] =
Z 1

0
P2(�)d�

<latexit sha1_base64="FrG1A+6wjM2nV8pMXywO6vhzpq4="></latexit><latexit sha1_base64="FrG1A+6wjM2nV8pMXywO6vhzpq4="></latexit><latexit sha1_base64="FrG1A+6wjM2nV8pMXywO6vhzpq4="></latexit><latexit sha1_base64="FrG1A+6wjM2nV8pMXywO6vhzpq4="></latexit>

PU (�;m) =
4m⇢U (�)

�2 +m2
, and ⇢U (�) =

X

j

�(�� �j)

<latexit sha1_base64="aKg7gB5yTRV4qUkECmT5ViXlb8o="></latexit><latexit sha1_base64="aKg7gB5yTRV4qUkECmT5ViXlb8o="></latexit><latexit sha1_base64="aKg7gB5yTRV4qUkECmT5ViXlb8o="></latexit><latexit sha1_base64="aKg7gB5yTRV4qUkECmT5ViXlb8o="></latexit>

Chiral susceptibility

Binder cumulant
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Approaching the chiral limit

ml ! 0: m
�2+m2 ! ⇡�(�)

<latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit><latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit><latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit><latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit>

Banks-Casher relation

lim
ml!0

Kn( ̄ ) = lim
ml!0

= (2⇡)nKn[⇢U (0)]
<latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit>

Kn[ ̄ ] =

Z 1

0
Pn(�)d� ⇠ m1/��n+1

l fn(z)
<latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit><latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit><latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit><latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit>

z / z0m
�1/��
l (T � Tc)/Tc

<latexit sha1_base64="GNQQ7Oxi2IgU2VYBobJuzDH4OcQ="></latexit><latexit sha1_base64="GNQQ7Oxi2IgU2VYBobJuzDH4OcQ="></latexit><latexit sha1_base64="GNQQ7Oxi2IgU2VYBobJuzDH4OcQ="></latexit><latexit sha1_base64="GNQQ7Oxi2IgU2VYBobJuzDH4OcQ="></latexit>

Universal O(N) scaling of the cumulants of the chiral condensate:  

Universal O(N) scaling functions

Conjecture:

lim
ml!0

K1( ̄ ) = lim
ml!0

T

V
h( ̄ )i = 2⇡K1[⇢U (0)] = 2⇡h⇢U (0)i

<latexit sha1_base64="zuyKyCWsn3Assz8Lw0KrUiTOJ7U="></latexit><latexit sha1_base64="zuyKyCWsn3Assz8Lw0KrUiTOJ7U="></latexit><latexit sha1_base64="zuyKyCWsn3Assz8Lw0KrUiTOJ7U="></latexit><latexit sha1_base64="zuyKyCWsn3Assz8Lw0KrUiTOJ7U="></latexit>

f1(z) = fG(z)

f2(z) = f�(z)
<latexit sha1_base64="D+7F4KG2++O2qmHkkTLBOqmGmBg=">AAACDHicdVDLSgMxFL3js46vqks3wSLUTZkpim6EggtdVrAP6AxDJs20oZkHSUaoQz/Ajb/ixoUibv0Ad/6NmXYKKnog5NxzzyW5x084k8qyPo2FxaXlldXSmrm+sbm1Xd7Zbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7rI+51bKiSLoxs1Tqgb4kHEAkaw0pJXrpiBZ1fvjs4D71JfjqPr+qzOHDJkE821y6qdWDmQVbPmpFDsQqlAgaZX/nD6MUlDGinCsZQ920qUm2GhGOF0YjqppAkmIzygPU0jHFLpZtNlJuhQK30UxEKfSKGp+n0iw6GU49DXzhCrofzdy8W/er1UBWduxqIkVTQis4eClCMVozwZ1GeCEsXHmmAimP4rIkMsMFE6P1OHMN8U/U/a9Zqt+fVxpVEv4ijBPhxAFWw4hQZcQRNaQOAeHuEZXowH48l4Nd5m1gWjmNmDHzDevwCJu5i7</latexit><latexit sha1_base64="D+7F4KG2++O2qmHkkTLBOqmGmBg=">AAACDHicdVDLSgMxFL3js46vqks3wSLUTZkpim6EggtdVrAP6AxDJs20oZkHSUaoQz/Ajb/ixoUibv0Ad/6NmXYKKnog5NxzzyW5x084k8qyPo2FxaXlldXSmrm+sbm1Xd7Zbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7rI+51bKiSLoxs1Tqgb4kHEAkaw0pJXrpiBZ1fvjs4D71JfjqPr+qzOHDJkE821y6qdWDmQVbPmpFDsQqlAgaZX/nD6MUlDGinCsZQ920qUm2GhGOF0YjqppAkmIzygPU0jHFLpZtNlJuhQK30UxEKfSKGp+n0iw6GU49DXzhCrofzdy8W/er1UBWduxqIkVTQis4eClCMVozwZ1GeCEsXHmmAimP4rIkMsMFE6P1OHMN8U/U/a9Zqt+fVxpVEv4ijBPhxAFWw4hQZcQRNaQOAeHuEZXowH48l4Nd5m1gWjmNmDHzDevwCJu5i7</latexit><latexit sha1_base64="D+7F4KG2++O2qmHkkTLBOqmGmBg=">AAACDHicdVDLSgMxFL3js46vqks3wSLUTZkpim6EggtdVrAP6AxDJs20oZkHSUaoQz/Ajb/ixoUibv0Ad/6NmXYKKnog5NxzzyW5x084k8qyPo2FxaXlldXSmrm+sbm1Xd7Zbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7rI+51bKiSLoxs1Tqgb4kHEAkaw0pJXrpiBZ1fvjs4D71JfjqPr+qzOHDJkE821y6qdWDmQVbPmpFDsQqlAgaZX/nD6MUlDGinCsZQ920qUm2GhGOF0YjqppAkmIzygPU0jHFLpZtNlJuhQK30UxEKfSKGp+n0iw6GU49DXzhCrofzdy8W/er1UBWduxqIkVTQis4eClCMVozwZ1GeCEsXHmmAimP4rIkMsMFE6P1OHMN8U/U/a9Zqt+fVxpVEv4ijBPhxAFWw4hQZcQRNaQOAeHuEZXowH48l4Nd5m1gWjmNmDHzDevwCJu5i7</latexit><latexit sha1_base64="D+7F4KG2++O2qmHkkTLBOqmGmBg=">AAACDHicdVDLSgMxFL3js46vqks3wSLUTZkpim6EggtdVrAP6AxDJs20oZkHSUaoQz/Ajb/ixoUibv0Ad/6NmXYKKnog5NxzzyW5x084k8qyPo2FxaXlldXSmrm+sbm1Xd7Zbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7rI+51bKiSLoxs1Tqgb4kHEAkaw0pJXrpiBZ1fvjs4D71JfjqPr+qzOHDJkE821y6qdWDmQVbPmpFDsQqlAgaZX/nD6MUlDGinCsZQ920qUm2GhGOF0YjqppAkmIzygPU0jHFLpZtNlJuhQK30UxEKfSKGp+n0iw6GU49DXzhCrofzdy8W/er1UBWduxqIkVTQis4eClCMVozwZ1GeCEsXHmmAimP4rIkMsMFE6P1OHMN8U/U/a9Zqt+fVxpVEv4ijBPhxAFWw4hQZcQRNaQOAeHuEZXowH48l4Nd5m1gWjmNmDHzDevwCJu5i7</latexit>

Pn(�) = m1/��n+1
l fn(z)gn(�/ml)

<latexit sha1_base64="ZpwlNqJgCxSRlhSx01LP1iqSTjI="></latexit><latexit sha1_base64="ZpwlNqJgCxSRlhSx01LP1iqSTjI="></latexit><latexit sha1_base64="ZpwlNqJgCxSRlhSx01LP1iqSTjI="></latexit><latexit sha1_base64="ZpwlNqJgCxSRlhSx01LP1iqSTjI="></latexit>

QCD specific dependence on the
ratio of the eigenvalues and the quark mass 

Scaling arises from the deep
infrared behavior of Pn(�)

<latexit sha1_base64="UhZi1GREFcVBNnfEwvztvYspWK8="></latexit><latexit sha1_base64="UhZi1GREFcVBNnfEwvztvYspWK8="></latexit><latexit sha1_base64="UhZi1GREFcVBNnfEwvztvYspWK8="></latexit><latexit sha1_base64="UhZi1GREFcVBNnfEwvztvYspWK8="></latexit>
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Calculating the spectral density of Dirac eigenvalues

⇢U (�) =
1

4

n[����/2,�+��/2]

2��
<latexit sha1_base64="eF/cRnA5jyPgg4fUlelOCdoOeeA="></latexit><latexit sha1_base64="eF/cRnA5jyPgg4fUlelOCdoOeeA="></latexit><latexit sha1_base64="eF/cRnA5jyPgg4fUlelOCdoOeeA="></latexit><latexit sha1_base64="eF/cRnA5jyPgg4fUlelOCdoOeeA="></latexit>

Ding et al, PRL126 (2021) 082001
Zhang et al, Lattice’19, arXiv:2001.05217
Cossu et al, Lattice’ 15, arXiv:1601.00744

• Commonly used method: Lánczos algorithm to calculate the individual

low-lying eigenvalues

• We use Chebyshev filtering technique with stochastic estimate of the mode

number:

Mode number for Hermitian operator A in interval [s, t]:

n[s,t] =
1

NV

NVX

k=1

⇠Tk h(A)⇠k, NV , #random vectors, h(A) = 1 inside [s, t], 0 outside

• Approximate h(A) by Chebyshev polynomials, Tj : h(A) =

pX

j=0

gpj �jTj(A)

For operator restricted to the interval [�1, 1], T0(A) = I, T1(A) = A,

Tj(A) = 2ATj�1(A)�Tj�2(A), j � 2) useA =
D†D � (�D†D

max + �D†D
min )I/2

(�D†D
max + �D†D

min )I/2
<latexit sha1_base64="Jf5F4vyLdcYjZkH9+GLO6A7uuTg="></latexit><latexit sha1_base64="Jf5F4vyLdcYjZkH9+GLO6A7uuTg="></latexit><latexit sha1_base64="Jf5F4vyLdcYjZkH9+GLO6A7uuTg="></latexit><latexit sha1_base64="Jf5F4vyLdcYjZkH9+GLO6A7uuTg="></latexit>

Di Napoli, Polizzi, Saad, arXiv:1308.4275

<latexit sha1_base64="Af9nWyg2v9LXSJ6o2hW4jdBkr0s=">AAACE3icbVA9SwNBEN3zM8avqKXNYiKIhHBnoZaCjaWCUSF3HnObyblmd+/Y3VNCyH+w8a/YWChia2Pnv3ETU/j1YODx3gwz85JccGN9/8ObmJyanpktzZXnFxaXlisrq2cmKzTDJstEpi8SMCi4wqblVuBFrhFkIvA86R4O/fMb1IZn6tT2cowkpIp3OAPrpLiyXUvj68u8HqYgJcTXNQoaw7DcVdmtoim/QUVrLVO3US2uVP2GPwL9S4IxqZIxjuPKe9jOWCFRWSbAmFbg5zbqg7acCRyUw8JgDqwLKbYcVSDRRP3RTwO66ZQ27WTalbJ0pH6f6IM0picT1ynBXpnf3lD8z2sVtrMf9bnKC4uKfS3qFILajA4Dom2ukVnRcwSY5u5Wyq5AA7MuxrILIfj98l9yttMIdhu7JzvVg/o4jhJZJxtkiwRkjxyQI3JMmoSRO/JAnsizd+89ei/e61frhDeeWSM/4L19Am83nI8=</latexit>

gpj , �j are
known given [s, t]

<latexit sha1_base64="kAPu6eFap55XzNdjLtdM4cSMtoo=">AAACGHicbVC7TgMxEPTxDOEVoKSxCEgUKNylAMpINJQgkYCUhMjnbBKDzz5595CiiM+g4VdoKECIlo6/wXkUQBjJ0mhmVuudONUKKQy/gpnZufmFxdxSfnlldW29sLFZQ5s5CVVptXXXsUDQykCVFGm4Th2IJNZwFd+dDv2re3CorLmkfgrNRHSN6igpyEutwuFut3V7k+5yzFI/iAjILUql9SiAXBCnHvDYZqYtXL9VKIalcAQ+TaIJKbIJzluFz0bbyiwBQ1ILxHoUptQcCEdKanjINzKEVMg70YW6p0YkgM3B6LAHvueVNu9Y558hPlJ/TgxEgthPYp9MBPXwrzcU//PqGXVOmgNl0ozAyPGiTqY5WT5sibeVA0m674mQTvm/ctkTTkjyXeZ9CdHfk6dJrVyKjkpHF+Vi5WBSR45tsx22zyJ2zCrsjJ2zKpPskT2zV/YWPAUvwXvwMY7OBJOZLfYLwec35WKgRQ==</latexit>

gpj suppresses oscillations at the boundary
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<latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit>

Lattice  calculation of the cumulants

# conf: 1.4K-6.8K
# RV: 24 (high T)- 96 (low T)
Order of Chebyshev polynomials: 200K
Open symbols: dir. meas.
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Chiral observables and spectrum of Dirac eigenvalues
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Strong quark mass and temperature
dependence

�̂ = �/ml
<latexit sha1_base64="8SPI/PKO49Jz49qVkYRBh971DeM="></latexit><latexit sha1_base64="8SPI/PKO49Jz49qVkYRBh971DeM="></latexit><latexit sha1_base64="8SPI/PKO49Jz49qVkYRBh971DeM="></latexit><latexit sha1_base64="8SPI/PKO49Jz49qVkYRBh971DeM="></latexit>

HISQ action, N3
� ⇥N⌧ lattices

N⌧ = 8, N� = 32� 56

ml/ms = 1/27, 1/40, 1/80, 1/160
m⇡ = 140, 110, 80, 55 MeV

T = 135� 176 MeV
<latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit>

P̂n(�̂) = m2
s(ml/ms)Pn(�)/T

4
c

<latexit sha1_base64="goJxQQrWXiv0LSbuoVqXqLImCyM="></latexit><latexit sha1_base64="H6GFGaH0mIW2/yrj+KNl+0lGtfg="></latexit><latexit sha1_base64="H6GFGaH0mIW2/yrj+KNl+0lGtfg="></latexit><latexit sha1_base64="L0Q9SrszqBDwNcxKcNp0MCVYQqQ="></latexit>
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Chiral observables and spectrum of Dirac eigenvalues

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�̂

140
143
145

�̂

140
143
145

�̂

137
140
143
145

�̂

135
140
145

�̂

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�̂

140
143
145

�̂

140
143
145

�̂

137
140
143
145

�̂

135
140
145

�̂

�1

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�1

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�1

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�1

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�1

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80 55

�̂

140
143
145

�̂

140
143
145

�̂

137
140
143
145

�̂

135
140
145

�̂

Dirac eigenvalues (energy levels
of quarks) know about universality
class of the QCD chiral transition

Scaling works for T  145 MeV ⇠ T 0
c (N⌧ = 8)

<latexit sha1_base64="4PcvHyI0wJm0dWSZQrY03xuuTD4="></latexit><latexit sha1_base64="4PcvHyI0wJm0dWSZQrY03xuuTD4="></latexit><latexit sha1_base64="4PcvHyI0wJm0dWSZQrY03xuuTD4="></latexit><latexit sha1_base64="4PcvHyI0wJm0dWSZQrY03xuuTD4="></latexit>
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15

Criticality in Macroscopic Cumulants !n[ψ̄ψ]
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Preliminary

For ,  with  can be well described by  scaling function  |z /z0 | ≲ 0.2 Kn(z)/Kn(z = 0) n = 1,2,3 O(2) fn−1(z)
fn−1(z = 0)

For ,  rescaled by  show small quark dependence|z /z0 | ≲ 0.2 Kn H1/δ−n+1

Parameters adopted from: S. Ejiri et al., Phys. Rev. D 80, 094505 (2009); D. A. Clarke et al., Phys. Rev. D 103, L011501 (2021)

 scaling with , , ,  MeVO(2) β = 0.349 δ = 4.78 z0 = 1.83(9) Tc(Nτ = 8) = 144.2(6)

15

Criticality in Macroscopic Cumulants !n[ψ̄ψ]
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For ,  rescaled by  show small quark dependence|z /z0 | ≲ 0.2 Kn H1/δ−n+1

Parameters adopted from: S. Ejiri et al., Phys. Rev. D 80, 094505 (2009); D. A. Clarke et al., Phys. Rev. D 103, L011501 (2021)

 scaling with , , ,  MeVO(2) β = 0.349 δ = 4.78 z0 = 1.83(9) Tc(Nτ = 8) = 144.2(6)

Breakdown of scaling at higher temperatures

Clarke et al, PRD 103 (2021) L11501
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Breakdown of scaling at higher temperatures

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10

P̂1/m̂l
1/�/f1(z)

m⇡ [MeV]

T [MeV]

140 110 80

�̂

147
151
157
162
166

�̂

147
151
153
162
166
176

�̂

151
157
162
166
176

�̂

0

2

4

6

8

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80

0

2

4

6

8

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80

0

2

4

6

8

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80

0

2

4

6

8

10

0 1 2 3 4 5

P̂2/m̂l
1/��1/f2(z)

m⇡ [MeV]

T [MeV]

140 110 80

�̂

147
151
157
162
166

�̂

147
151
153
162
166
176

�̂

151
157
162
166
176

�̂

�10

�8

�6

�4

�2

0

2

4

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80

�10

�8

�6

�4

�2

0

2

4

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80

�10

�8

�6

�4

�2

0

2

4

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80

�10

�8

�6

�4

�2

0

2

4

0 1 2 3 4 5

P̂3/m̂l
1/��2/f3(z)

m⇡ [MeV]

T [MeV]

140 110 80

�̂

147
151
157
162
166

�̂

147
151
153
162
166
176

�̂

151
157
162
166
176

�̂

Scaling does not work for 
T>147 MeV

Why ?

Transition to instanton gas ?
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ms/27
<latexit sha1_base64="LXcETCmfX8R/DTtk0f+lCuqIGek=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSS1NvBS8eK9gPaEPZbDft2k027G6EUvofvHhQxKv/x5v/xk2roKIPBh7vzTAzL0g4U9q2363cyura+kZ+s7C1vbO7V9wvtZVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0Ek8vM79xRqZiIb/Q0oX6ERzELGcHaSO1ooM5cb1As25WLes2t1pBdsW3PcZ2MuF71vIoco2QoN0r9UzBoDopv/aEgaURjTThWqufYifZnWGpGOJ0X+qmiCSYTPKI9Q2McUeXPFtfO0bFRhigU0lSs0UL9PjHDkVLTKDCdEdZj9dvLxL+8XqrDuj9jcZJqGpPlojDlSAuUvY6GTFKi+dQQTCQztyIyxhITbQIqmBC+PkX/k7ZbcQy/Nmm4sEQeDuEITsABDxpwBU1oAYFbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgA1jo+S</latexit><latexit sha1_base64="FTpchZHiUWygsW5qOxLGw9U2+Ys=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfG0qm7ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPXGxQP7cppveZWa9Cu2LbnuE5GXK96UoWOUTIcNkr98vvLTb85KL72hxFOOBEaM6RUz7Fj7adIaooZmRX6iSIxwhM0Ij1DBeJE+en82hk8MsoQhpE0JTScq98nUsSVmvLAdHKkx+q3l4l/eb1Eh3U/pSJONBF4sShMGNQRzF6HQyoJ1mxqCMKSmlshHiOJsDYBFUwIX5/C/0nbrTiGX5g0XLBAHuyDA1AGDvBAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC7HpIz</latexit><latexit sha1_base64="FTpchZHiUWygsW5qOxLGw9U2+Ys=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfG0qm7ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPXGxQP7cppveZWa9Cu2LbnuE5GXK96UoWOUTIcNkr98vvLTb85KL72hxFOOBEaM6RUz7Fj7adIaooZmRX6iSIxwhM0Ij1DBeJE+en82hk8MsoQhpE0JTScq98nUsSVmvLAdHKkx+q3l4l/eb1Eh3U/pSJONBF4sShMGNQRzF6HQyoJ1mxqCMKSmlshHiOJsDYBFUwIX5/C/0nbrTiGX5g0XLBAHuyDA1AGDvBAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC7HpIz</latexit><latexit sha1_base64="7c19ppoGJlv2i2+rM+JQ8tmkjaI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qpmxdOqu4MZlBfuAdiiZNNNGk8yQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp93w7jL3u/dUaRbLGzNNaCDwWLKIEWys1BFDfeb5w3IFVS8ada9Wh6iKkO96bk48v3Zeg65VclTAEq1h+X0wikkqqDSEY637LkpMkGFlGOF0VhqkmiaY3OEx7VsqsaA6yObXzuCJVUYwipUtaeBc/T6RYaH1VIS2U2Az0b+9XPzL66cmagQZk0lqqCSLRVHKoYlh/jocMUWJ4VNLMFHM3grJBCtMjA2oZEP4+hT+Tzpe1bX8GlWa3jKOIjgCx+AUuMAHTXAFWqANCLgFD+AJPDux8+i8OK+L1oKznDkEP+C8fQISgI67</latexit>

ms/27
<latexit sha1_base64="LXcETCmfX8R/DTtk0f+lCuqIGek=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSS1NvBS8eK9gPaEPZbDft2k027G6EUvofvHhQxKv/x5v/xk2roKIPBh7vzTAzL0g4U9q2363cyura+kZ+s7C1vbO7V9wvtZVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0Ek8vM79xRqZiIb/Q0oX6ERzELGcHaSO1ooM5cb1As25WLes2t1pBdsW3PcZ2MuF71vIoco2QoN0r9UzBoDopv/aEgaURjTThWqufYifZnWGpGOJ0X+qmiCSYTPKI9Q2McUeXPFtfO0bFRhigU0lSs0UL9PjHDkVLTKDCdEdZj9dvLxL+8XqrDuj9jcZJqGpPlojDlSAuUvY6GTFKi+dQQTCQztyIyxhITbQIqmBC+PkX/k7ZbcQy/Nmm4sEQeDuEITsABDxpwBU1oAYFbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgA1jo+S</latexit><latexit sha1_base64="FTpchZHiUWygsW5qOxLGw9U2+Ys=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfG0qm7ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPXGxQP7cppveZWa9Cu2LbnuE5GXK96UoWOUTIcNkr98vvLTb85KL72hxFOOBEaM6RUz7Fj7adIaooZmRX6iSIxwhM0Ij1DBeJE+en82hk8MsoQhpE0JTScq98nUsSVmvLAdHKkx+q3l4l/eb1Eh3U/pSJONBF4sShMGNQRzF6HQyoJ1mxqCMKSmlshHiOJsDYBFUwIX5/C/0nbrTiGX5g0XLBAHuyDA1AGDvBAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC7HpIz</latexit><latexit sha1_base64="FTpchZHiUWygsW5qOxLGw9U2+Ys=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfG0qm7ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPXGxQP7cppveZWa9Cu2LbnuE5GXK96UoWOUTIcNkr98vvLTb85KL72hxFOOBEaM6RUz7Fj7adIaooZmRX6iSIxwhM0Ij1DBeJE+en82hk8MsoQhpE0JTScq98nUsSVmvLAdHKkx+q3l4l/eb1Eh3U/pSJONBF4sShMGNQRzF6HQyoJ1mxqCMKSmlshHiOJsDYBFUwIX5/C/0nbrTiGX5g0XLBAHuyDA1AGDvBAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC7HpIz</latexit><latexit sha1_base64="7c19ppoGJlv2i2+rM+JQ8tmkjaI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qpmxdOqu4MZlBfuAdiiZNNNGk8yQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp93w7jL3u/dUaRbLGzNNaCDwWLKIEWys1BFDfeb5w3IFVS8ada9Wh6iKkO96bk48v3Zeg65VclTAEq1h+X0wikkqqDSEY637LkpMkGFlGOF0VhqkmiaY3OEx7VsqsaA6yObXzuCJVUYwipUtaeBc/T6RYaH1VIS2U2Az0b+9XPzL66cmagQZk0lqqCSLRVHKoYlh/jocMUWJ4VNLMFHM3grJBCtMjA2oZEP4+hT+Tzpe1bX8GlWa3jKOIjgCx+AUuMAHTXAFWqANCLgFD+AJPDux8+i8OK+L1oKznDkEP+C8fQISgI67</latexit>

ms/40
<latexit sha1_base64="nSYcnpNm3wOs3wUeEmkyPtgwIzU=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSQ1tvBS8eK9gPaEPZbDft2k027G6EUvofvHhQxKv/x5v/xk2roKIPBh7vzTAzL0g4U9q2363cyura+kZ+s7C1vbO7V9wvtZVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0Ek8vM79xRqZiIb/Q0oX6ERzELGcHaSO1ooM48e1As25WLetX1qsiu2HbNcZ2MuDXv3EOOUTKUG6X+KRg0B8W3/lCQNKKxJhwr1XPsRPszLDUjnM4L/VTRBJMJHtGeoTGOqPJni2vn6NgoQxQKaSrWaKF+n5jhSKlpFJjOCOux+u1l4l9eL9Vh3Z+xOEk1jclyUZhypAXKXkdDJinRfGoIJpKZWxEZY4mJNgEVTAhfn6L/SdutOIZfmzRcWCIPh3AEJ+BADRpwBU1oAYFbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgAt/I+N</latexit><latexit sha1_base64="lkrdif5pRZZW4+oRnf1seiPKD2o=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfGoa27ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPPHhQP7cppvep6VWhXbLvmuE5G3Jp34kHHKBkOG6V++f3lpt8cFF/7wwgnnAiNGVKq59ix9lMkNcWMzAr9RJEY4QkakZ6hAnGi/HR+7QweGWUIw0iaEhrO1e8TKeJKTXlgOjnSY/Xby8S/vF6iw7qfUhEnmgi8WBQmDOoIZq/DIZUEazY1BGFJza0Qj5FEWJuACiaEr0/h/6TtVhzDL0waLlggD/bBASgDB9RAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwCzjJIu</latexit><latexit sha1_base64="lkrdif5pRZZW4+oRnf1seiPKD2o=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfGoa27ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPPHhQP7cppvep6VWhXbLvmuE5G3Jp34kHHKBkOG6V++f3lpt8cFF/7wwgnnAiNGVKq59ix9lMkNcWMzAr9RJEY4QkakZ6hAnGi/HR+7QweGWUIw0iaEhrO1e8TKeJKTXlgOjnSY/Xby8S/vF6iw7qfUhEnmgi8WBQmDOoIZq/DIZUEazY1BGFJza0Qj5FEWJuACiaEr0/h/6TtVhzDL0waLlggD/bBASgDB9RAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwCzjJIu</latexit><latexit sha1_base64="DDhPgeHyaAYhyr//0ez9MrQPk3E=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qplxaOuu4MZlBfuAdiiZNNNGk8yQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp93w7jL3u/dUaRbLGzNNaCDwWLKIEWys1BFDfeajYbmCqheNmufXIKoiVHc9Nyde3T/3oWuVHBWwRGtYfh+MYpIKKg3hWOu+ixITZFgZRjidlQappgkmd3hM+5ZKLKgOsvm1M3hilRGMYmVLGjhXv09kWGg9FaHtFNhM9G8vF//y+qmJGkHGZJIaKsliUZRyaGKYvw5HTFFi+NQSTBSzt0IywQoTYwMq2RC+PoX/k45XdS2/RpWmt4yjCI7AMTgFLqiDJrgCLdAGBNyCB/AEnp3YeXRenNdFa8FZzhyCH3DePgEK7o62</latexit>

ms/40
<latexit sha1_base64="nSYcnpNm3wOs3wUeEmkyPtgwIzU=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSQ1tvBS8eK9gPaEPZbDft2k027G6EUvofvHhQxKv/x5v/xk2roKIPBh7vzTAzL0g4U9q2363cyura+kZ+s7C1vbO7V9wvtZVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0Ek8vM79xRqZiIb/Q0oX6ERzELGcHaSO1ooM48e1As25WLetX1qsiu2HbNcZ2MuDXv3EOOUTKUG6X+KRg0B8W3/lCQNKKxJhwr1XPsRPszLDUjnM4L/VTRBJMJHtGeoTGOqPJni2vn6NgoQxQKaSrWaKF+n5jhSKlpFJjOCOux+u1l4l9eL9Vh3Z+xOEk1jclyUZhypAXKXkdDJinRfGoIJpKZWxEZY4mJNgEVTAhfn6L/SdutOIZfmzRcWCIPh3AEJ+BADRpwBU1oAYFbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgAt/I+N</latexit><latexit sha1_base64="lkrdif5pRZZW4+oRnf1seiPKD2o=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfGoa27ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPPHhQP7cppvep6VWhXbLvmuE5G3Jp34kHHKBkOG6V++f3lpt8cFF/7wwgnnAiNGVKq59ix9lMkNcWMzAr9RJEY4QkakZ6hAnGi/HR+7QweGWUIw0iaEhrO1e8TKeJKTXlgOjnSY/Xby8S/vF6iw7qfUhEnmgi8WBQmDOoIZq/DIZUEazY1BGFJza0Qj5FEWJuACiaEr0/h/6TtVhzDL0waLlggD/bBASgDB9RAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwCzjJIu</latexit><latexit sha1_base64="lkrdif5pRZZW4+oRnf1seiPKD2o=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfGoa27ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPPHhQP7cppvep6VWhXbLvmuE5G3Jp34kHHKBkOG6V++f3lpt8cFF/7wwgnnAiNGVKq59ix9lMkNcWMzAr9RJEY4QkakZ6hAnGi/HR+7QweGWUIw0iaEhrO1e8TKeJKTXlgOjnSY/Xby8S/vF6iw7qfUhEnmgi8WBQmDOoIZq/DIZUEazY1BGFJza0Qj5FEWJuACiaEr0/h/6TtVhzDL0waLlggD/bBASgDB9RAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwCzjJIu</latexit><latexit sha1_base64="DDhPgeHyaAYhyr//0ez9MrQPk3E=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qplxaOuu4MZlBfuAdiiZNNNGk8yQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp93w7jL3u/dUaRbLGzNNaCDwWLKIEWys1BFDfeajYbmCqheNmufXIKoiVHc9Nyde3T/3oWuVHBWwRGtYfh+MYpIKKg3hWOu+ixITZFgZRjidlQappgkmd3hM+5ZKLKgOsvm1M3hilRGMYmVLGjhXv09kWGg9FaHtFNhM9G8vF//y+qmJGkHGZJIaKsliUZRyaGKYvw5HTFFi+NQSTBSzt0IywQoTYwMq2RC+PoX/k45XdS2/RpWmt4yjCI7AMTgFLqiDJrgCLdAGBNyCB/AEnp3YeXRenNdFa8FZzhyCH3DePgEK7o62</latexit>

Spectral density of Dirac eigenvalues and instanton gas 
Instanton gas: ⇢ ⇠ m2

l
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vs. O(N) scaling ⇢ ⇠ m
n
l , n < 2

<latexit sha1_base64="jieRsbLyN0CFkcZyBhekaxkyTqU=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAjtCBlZja6cFFw40or2Au0dcikmTY0yQxJplCG+gpufBU3LhRx68qdb2N6WWjrD4GP/5yT5PxBzKjSjvNtZVZW19Y3spu5re2d3b38/kFdRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjWBwOak3hkQqGok7PYpJh6OeoCHFSBvLz5eGqgztm+J1yYYKI3NND9pt2Y9gW1EOuc/uxemDuPBsP19wys5UcBncORTAXFU//9XuRjjhRGjMkFIt14l1J0VSU8zIONdOFIkRHqAeaRkUiBPVSacrjeGJcbowjKQ5QsOp+3siRVypEQ9MJ0e6rxZrE/O/WivR4XknpSJONBF49lCYMKgjOMkHdqkkWLORAYQlNX+FuI8kwtqkmDMhuIsrL0PdK7uGb71CxZvHkQVH4BgUgQvOQAVcgSqoAQwewTN4BW/Wk/VivVsfs9aMNZ85BH9kff4A/NubHQ==</latexit><latexit sha1_base64="jieRsbLyN0CFkcZyBhekaxkyTqU=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAjtCBlZja6cFFw40or2Au0dcikmTY0yQxJplCG+gpufBU3LhRx68qdb2N6WWjrD4GP/5yT5PxBzKjSjvNtZVZW19Y3spu5re2d3b38/kFdRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjWBwOak3hkQqGok7PYpJh6OeoCHFSBvLz5eGqgztm+J1yYYKI3NND9pt2Y9gW1EOuc/uxemDuPBsP19wys5UcBncORTAXFU//9XuRjjhRGjMkFIt14l1J0VSU8zIONdOFIkRHqAeaRkUiBPVSacrjeGJcbowjKQ5QsOp+3siRVypEQ9MJ0e6rxZrE/O/WivR4XknpSJONBF49lCYMKgjOMkHdqkkWLORAYQlNX+FuI8kwtqkmDMhuIsrL0PdK7uGb71CxZvHkQVH4BgUgQvOQAVcgSqoAQwewTN4BW/Wk/VivVsfs9aMNZ85BH9kff4A/NubHQ==</latexit><latexit sha1_base64="jieRsbLyN0CFkcZyBhekaxkyTqU=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAjtCBlZja6cFFw40or2Au0dcikmTY0yQxJplCG+gpufBU3LhRx68qdb2N6WWjrD4GP/5yT5PxBzKjSjvNtZVZW19Y3spu5re2d3b38/kFdRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjWBwOak3hkQqGok7PYpJh6OeoCHFSBvLz5eGqgztm+J1yYYKI3NND9pt2Y9gW1EOuc/uxemDuPBsP19wys5UcBncORTAXFU//9XuRjjhRGjMkFIt14l1J0VSU8zIONdOFIkRHqAeaRkUiBPVSacrjeGJcbowjKQ5QsOp+3siRVypEQ9MJ0e6rxZrE/O/WivR4XknpSJONBF49lCYMKgjOMkHdqkkWLORAYQlNX+FuI8kwtqkmDMhuIsrL0PdK7uGb71CxZvHkQVH4BgUgQvOQAVcgSqoAQwewTN4BW/Wk/VivVsfs9aMNZ85BH9kff4A/NubHQ==</latexit><latexit sha1_base64="jieRsbLyN0CFkcZyBhekaxkyTqU=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAjtCBlZja6cFFw40or2Au0dcikmTY0yQxJplCG+gpufBU3LhRx68qdb2N6WWjrD4GP/5yT5PxBzKjSjvNtZVZW19Y3spu5re2d3b38/kFdRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjWBwOak3hkQqGok7PYpJh6OeoCHFSBvLz5eGqgztm+J1yYYKI3NND9pt2Y9gW1EOuc/uxemDuPBsP19wys5UcBncORTAXFU//9XuRjjhRGjMkFIt14l1J0VSU8zIONdOFIkRHqAeaRkUiBPVSacrjeGJcbowjKQ5QsOp+3siRVypEQ9MJ0e6rxZrE/O/WivR4XknpSJONBF49lCYMKgjOMkHdqkkWLORAYQlNX+FuI8kwtqkmDMhuIsrL0PdK7uGb71CxZvHkQVH4BgUgQvOQAVcgSqoAQwewTN4BW/Wk/VivVsfs9aMNZ85BH9kff4A/NubHQ==</latexit>
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<latexit sha1_base64="kzNA3MAszJyuFpEWDhzn2OHgw8c=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSS1tvBS8eK9gPaEPZbDft2k027G6EEvofvHhQxKv/x5v/xk2roKIPBh7vzTAzz485U9q2363cyura+kZ+s7C1vbO7V9wvdZRIJKFtIriQPR8ryllE25ppTnuxpDj0Oe3608vM795RqZiIbvQspl6IxxELGMHaSJ1wqM4a9rBYtisXjZpbrSG7Ytt1x3Uy4tar51XkGCVDuVkanIJBa1h8G4wESUIaacKxUn3HjrWXYqkZ4XReGCSKxphM8Zj2DY1wSJWXLq6do2OjjFAgpKlIo4X6fSLFoVKz0DedIdYT9dvLxL+8fqKDhpeyKE40jchyUZBwpAXKXkcjJinRfGYIJpKZWxGZYImJNgEVTAhfn6L/ScetOIZfmzRcWCIPh3AEJ+BAHZpwBS1oA4FbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgA0EI+R</latexit><latexit sha1_base64="1RSa5ascX48khE8xiwwNT/43UR0=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VTNjaeuu4MZlBfuAzlAyaaaNzWSGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69x485UxqhNyu3tLyyupZfL2xsbm3vFHdLHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe36k7PM715TqVgkLvU0pl6IR4IFjGBtpE44UMcNNCgeosppo+ZUaxBVEKrbjp0Rp149qULbKBkOmyW3/P5y47YGxVd3GJEkpEITjpXq2yjWXoqlZoTTWcFNFI0xmeAR7RsqcEiVl86vncEjowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vH6ig4aXMhEnmgqyWBQkHOoIZq/DIZOUaD41BBPJzK2QjLHERJuACiaEr0/h/6TjVGzDL0waDlggD/bBASgDG9RBE5yDFmgDAq7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC5oJIy</latexit><latexit sha1_base64="1RSa5ascX48khE8xiwwNT/43UR0=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VTNjaeuu4MZlBfuAzlAyaaaNzWSGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69x485UxqhNyu3tLyyupZfL2xsbm3vFHdLHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe36k7PM715TqVgkLvU0pl6IR4IFjGBtpE44UMcNNCgeosppo+ZUaxBVEKrbjp0Rp149qULbKBkOmyW3/P5y47YGxVd3GJEkpEITjpXq2yjWXoqlZoTTWcFNFI0xmeAR7RsqcEiVl86vncEjowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vH6ig4aXMhEnmgqyWBQkHOoIZq/DIZOUaD41BBPJzK2QjLHERJuACiaEr0/h/6TjVGzDL0waDlggD/bBASgDG9RBE5yDFmgDAq7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC5oJIy</latexit><latexit sha1_base64="Ql5qvaPyI8ij/UCPlTFlp/YSn00=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qpmxtHVXcOOygn1AO5RMmmmjeQxJRiil/+DGhSJu/R93/o2ZtoKKHrhwOOde7r0nSjgzFqEPL7eyura+kd8sbG3v7O4V9w/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnejuMvM791QbpuSNnSQ0FHgkWcwItk5qi4E5q6NBsYTKF/VqUKlCVEao5gd+RoJa5bwCfadkKIElmoPie3+oSCqotIRjY3o+Smw4xdoywums0E8NTTC5wyPac1RiQU04nV87gydOGcJYaVfSwrn6fWKKhTETEblOge3Y/PYy8S+vl9q4Hk6ZTFJLJVksilMOrYLZ63DINCWWTxzBRDN3KyRjrDGxLqCCC+HrU/g/aQdl3/FrVGoEyzjy4Agcg1PggxpogCvQBC1AwC14AE/g2VPeo/fivS5ac95y5hD8gPf2CRECjro=</latexit>
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Kn( ̄ ) =

Z
[PU (�1;ml)PU (�2;ml) . . . PU (�n;ml)]

nY

j=1

d�j ⌘
Z

Pn(�)d�

<latexit sha1_base64="yfE3vM5awh/hVvA5RD9GyziNZ94="></latexit><latexit sha1_base64="yfE3vM5awh/hVvA5RD9GyziNZ94="></latexit><latexit sha1_base64="yfE3vM5awh/hVvA5RD9GyziNZ94="></latexit><latexit sha1_base64="yfE3vM5awh/hVvA5RD9GyziNZ94="></latexit>

• We establish a novel relation:
<latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit><latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit><latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit><latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit>

• Obtained a generalization of the Banks-Casher relation:
<latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit><latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit><latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit><latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit>

lim
ml!0

Kn( ̄ ) = lim
ml!0

= (2⇡)nKn[⇢U (0)]
<latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit>

• Found a microscopic encoding of macroscopic universality:
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n-point correlations
of quark energy spectra
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• Universal behavior of microscopic QCD Dirac eigenvalues (quark energy
levels) in the limit of vanishing quark masses also holds for the physical
value of the light quark masses) an alternative method to study universal
O(N) scaling
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Pn(�) = m1/��n+1
l fn(z)gn(�/ml)

<latexit sha1_base64="VTQ6Z8rcfgIKfpFQaGT0lEaMO7g="></latexit><latexit sha1_base64="VTQ6Z8rcfgIKfpFQaGT0lEaMO7g="></latexit><latexit sha1_base64="VTQ6Z8rcfgIKfpFQaGT0lEaMO7g="></latexit><latexit sha1_base64="VTQ6Z8rcfgIKfpFQaGT0lEaMO7g="></latexit>

<latexit sha1_base64="NH/VaRdZt1mAroTvlNMfDGgDw9k="></latexit>

nth cumulant of the
chiral condensate

<latexit sha1_base64="R+nrvMHSuXqTRY+YPfW4jah1ubw=">AAAFJnicdVNdaxQxFJ21q7brV6uPvlzcFVqQOrMP2y2CFCwiiLJCty101iGTycyETTJjkmlpw/waX/w1von45k8xmV3FTts8hMs95+ae+5G4ZFRp3//VubXSvX3n7upa7979Bw8frW88PlRFJTGZ4oIV8jhGijAqyFRTzchxKQniMSNH8fyNw49OiVS0EAf6vCQzjjJBU4qRtq5o/WsYk4wKQzXh9ILUvdBZvbeFhMHB62DkD+ </latexit>

• For T > 160 MeV and su�ciently small quark masses we see the onset of
instanton gas like behavior, ⇢(�) ⇠ m2

l
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Back-up : 


