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Bottomonium as a probe of QGP

Eur.Phys.J. C76 (2016) no.3, 107 
CMS

A long history



..still continuing .. Plots from Boundino 



Bottomonium — starting from the summary:

Exp/Pheno: 

Paul Gossieaux @ SQM2024

Lattice Bottomonium spectral functions:

Methods based on inverse Laplace : no clear winner  Alexander Rothkopf 2211.10680

Laplace transform inversion works on continuum models

Fitting models help recover missing information

    A good fitting model is a necessary requirement

Rationale : 
Salvatore Cuomo in 

Prog.Part.Nucl.Phys. 133 (2023) 104070
Ch. Allton in 

Prog.Part.Nucl.Phys. 133 (2023) 104070




Plan 

Two paths to spectral functions: inversion and analytic continuation 

Overview of bottomonium results from inversion methods 

Living in Euclidean space :  sum rules and ‘moments’ 



The spectral function is defined as: 

omega real time energy



From Correlators to  Spectral functions

Computed on the lattice: Euclidean (imaginary) Time Correlators 

Spectral functions

Euclidean Time Correlators

Euclidean correlator in imaginary (Matsubara) frequency space

Fourier transform

Analytic continuation

Integral inverse 
transform

Functions of
real, continuous
frequency

t

i⌧



Relativistic

Non-relativistic Inverse Laplace:
makes life easier..

The ‘red’  path simplified:  

: only forward



t

Relativistic Kernel
NON Relativistic : Back and Forward propagation decoupled

NRQCD
QCD

1/T

K

In practice one retains only n=0

and periodicity is lost

Relativistic and non-relativistic kernels 



Spectral functions and two point functions : a challenge for LFT

G(t) =
R
�(M � !)e�!t / e�Mt

<latexit sha1_base64="rlJ+gl4V/1E36PSq4DrwGwmMoxE="></latexit>

G(t) =
R
S(!)e�!t

<latexit sha1_base64="bRHxz9Sj5uc2H4pWMK9WXgwD4bk="></latexit>

In vacuum In medium

M



Zero temperature NRQCD works beautifully for the spectrum



Bottomonium spectral functions from the lattice

T ' 0
T ' 2Tc



Bottomonium spectral functions from the lattice

T ' 0
T ' 2Tc

Lattice artifacts ??

Control the systematics!
Issues: 



Review by C.Allton: 

https://www.ggi.infn.it/talkfiles/slides/slides5843.pdf

FASTSUM setup



Upsilon’s spectral functions from MEM
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The same set of correlators  has been 
analized by standard MEM and by the

Burnier-Rothkopf method 

Y. Burnier, A. Rothkopf 2013

FASTSUM +
Y. Burnier and
A. Rothkopf 2015

BR MEM

Can we trust
the width?

MEM vs BR  

Y. Burnier, A. Rothkopf 2013



Good agreement for
       and  
rescaled propagators. 

Caveat:
Small discrepancies
may hide important 
differences

Going to 
a finer lattice:  a      from 35 to 18 am⌧

⌥ �

T = 1.9Tc Nt=32 

Thanks to NPQCD
for parameters tuning 0.001
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Spectral function
⌥



Slide by C. Allton



Sensitivity to the details of 
the implementation of the 
BR method

Sensitivity to the details of 
a Gaussian ansatz 

Understanding and quantifying the systematics  
                                   FASTSUM EPJ Web Conf. 274 (2022) 05011



Interlude





Crucial step : Analytic continuation

Try RVP - a variant of Pade’ approximants which has proven very performing

Tripolt, Haritan, Wambach,Moiseyev 

Use Pade’ in form:

Model spectral function 



..partial and preliminary..
to get a feeling on the possibilities .. 

Propagators in the conformal phase
of QCD (Nf=12) 

MpL, Miura, Nunes da Silva, Pallante Data from 

Pion

Rho
NB: pion is not a pseudoGoldstone

Tripolt, Rothkopf, MpL



Location of the poles : a plus of this approach - 
  gives meaning to the width Tripolt, Rothkopf, MpL



Living in the Euclidean 



Post’s inversion formula 

Calls attention on the derivatives 

Observation: 



Another observation:

WS(!, k) = e(�k!)S(!)
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As k increases, the secondary peaks

disappear. 


If the fundamental peak is Gaussian,

it remains so. 
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Sum rules 

Fastsum-mpl

Thor meeting, Athens 2017

P. Petreczky et al: observation that a decreasing 
Effective mass implies a width
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Results from the Upsilon propagator

Reading features of the spectral functions
off the Euclidean propagators



The derivative of the effective mass at time t 
is the width of  the weighted spectral functions
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Reading features of the spectral functions
off the Euclidean propagators



 0

 0.0002

 0.0004

 0.0006

 0.0008

 0.001

 0.0012

 0.0014

 0.0016

 0.0018

 20  25  30  35  40

W
id

th

t

’32x32M1.56N2/width’ using 1:(-1)*($2)
’32x32M2.06N2/width’ using 1:(-1)*($2)
’32x32M2.56N2/width’ using 1:(-1)*($2)
’32x32M6.12N2/width’ using 1:(-1)*($2)

fA(x)
fB(x)
fC(x)
fD(x)

W (t) = Ae�kt +W
<latexit sha1_base64="aDxY5BUvWZ7ufoMoK4b8er/t7Fg=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjARImLYjYU2QtTGMoJ5QLKG2clsMmT2wcxdISzb+Cs2ForY+hl2/o2TZAtNPHDhcM693HuPGwmuwLK+jYXFpeWV1dxafn1jc2vb3NltqDCWlNVpKELZcoliggesDhwEa0WSEd8VrOkOb8Z+85FJxcPgHkYRc3zSD7jHKQEtdc39YrMEx/gS4yvMHpLTIaT4BDeLXbNgla0J8DyxM1JAGWpd86vTC2nsswCoIEq1bSsCJyESOBUszXdixSJCh6TP2poGxGfKSSYPpPhIKz3shVJXAHii/p5IiK/UyHd1p09goGa9sfif147Bu3ASHkQxsIBOF3mxwBDicRq4xyWjIEaaECq5vhXTAZGEgs4sr0OwZ1+eJ41K2T4rV+4qhep1FkcOHaBDVEI2OkdVdItqqI4oStEzekVvxpPxYrwbH9PWBSOb2UN/YHz+AA6rk34=</latexit>

Experimenting with variable masses 
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2402.04366

• R. Larsen, S. Meinel, S. Mukherjee, and P. Petreczky Phys. Lett. B 800 (2020) 135119 



et al. 

Plot courtesy of Ryan Bignell



et al. 
WSPF may help finding the winner 
among different methods, e.g.

—    a Gaussian peak can be clearly 
identified 

—
may be checked at different t



Summary  

A broadly consistent picture of bottomonium sequential suppression 

Remaining quantitative differences among inversion methods 

Lattice artefacts well under control —  fitting models/continuum data needed 

Simple sum rules may help identifying the winner among different methods 

A good framework for analytic continuation is available and perhaps worth exploring


