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Original papers of Bose and Einstein
Bose S.N., Plancks Gesetz und Lichtquantenhypothese, 

Zeitschrift für Physik, 26, 178-181, (1924).

Zusammenfassung

Der Phasenraum eines Lichtquants in bezug auf ein 
gegebenes Volumen wird in „Zellen“ von der Größe h3 
aufgeteilt. Die Zahl der möglichen Verteilungen der 
Lichtquanten einer makroskopisch definierten Strahlung 
unter diese Zellen liefert die Entropie und damit alle 
thermodynamischen Eigenschaften der Strahlung.

Summary

The phase space of a light quantum in relation to a given volume is divided into “cells” of size 
h^3. The number of possible distributions of the light quanta of a macroscopically defined 
radiation among these cells provides the entropy and thus all thermodynamic properties of the 
radiation.



Original papers of Bose and Einstein
Quantentheorie des einatomigen idealen Gases ( Einstein , 1924 )



Einstein , 1925

So what happens when we increase the density of the substance, n/V, at constant 
temperature (for example by isothermal compression)?

I suggest that in this case, as you increase the overall density, an ever increasing number of 
molecules drop into the ground state (i.e. the first quantum state, state of no kinetic energy)[b], 
while the other molecules will distribute according to the parameter λ=1.

My prediction is the emergence of something very similar to what occurs when vapor is 
isothermally compressed beyond the saturation volume. A separation will take place; one part 
will “condense”, the rest will remain as a “saturated ideal gas” (A=0 λ=1)

…………….

Hence we acquire this theorem: According to the derived state equation of ideal 
gases, for any given temperature there exists a maximum density of agitated 
molecules.

https://wavewatching.net/lost-papers/quantum-theory-of-ideal-monoatomic-gases-final-draft/#editor_note_b




         1-component ideal gas



1-component ideal gas





























Thermodynamic mean-field model: 
description of an interacting 

2-component relativistic system
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Thermodynamic mean-field model[1-3]
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[1] D. Anchishkin and V. Vovchenko, J. Phys. G 42, 105102 (2015).
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[3] D. Anchishkin, V. Gnatovskyy, D. Zhuravel, V. Karpenko, I. Mishustin, H. 
Stoecker, Universe 2023, 9, 411 (2023).
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𝜅 < 1 - weak attraction regime

𝜅 = 1 - critical attraction regime

𝜅 > 1 - strong(over-critical) attraction 
regime







Figure 1. The particle-number densities n(+) , n(−) versus temperature 
for the ideal π+-π− pion gas. The total isospin density is kept constant, 

n
I
 = 0.1 fm−3.
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Ideal 2-component relativistic gas

Condition for the condensate formation:

In the interval   0 < T < Tc



Let’s turn ON the interaction in the 
bosonic system!



Type 1 phase transition (2nd order ph. tr.)

Figure 2. The particle-number densities n(+) , n(−) versus temperature 
for the interacting π+-π− pion gas in the mean-field model. The total 

isospin density is kept constant, n
I
 = 0.1 fm−3 , and the attraction 

parameter is κ = 0.5.

Weak attraction regime 
𝜅 = 0.5
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Figure 2. The particle-number densities n(+) , n(−) versus temperature 
for the interacting π+-π− pion gas in the mean-field model. The total 

isospin density is kept constant, n
I
 = 0.1 fm−3 , and the attraction 

parameter is κ = 0.5.



What will happen if we increase the 
attraction parameter 𝜅 in such a system?



Type 2 phase transition (2nd order ph. tr.)

Figure 3. The particle density n(−) versus temperature for the 
interacting π+-π− pion gas.

Only particles π- are 
depicted 



2nd order phase 
transitions 

Type 2 phase transition (2nd order ph. tr.)

Figure 3. The particle density n(−) versus temperature for the 
interacting π+-π− pion gas.

Only particles π- are 
depicted 



Type 3 phase transition (2nd order ph. tr.)

Figure 4. The particle density n(+) versus temperature for the 
interacting π+-π− pion gas.

Only antiparticles π+ 
are depicted 



2nd order 
point-like phase 

transition

Type 3 phase transition (2nd order ph. tr.)

Figure 4. The particle density n(+) versus temperature for the 
interacting π+-π− pion gas.

Only antiparticles π+ 
are depicted 



Type 3 phase transition (2nd order ph. tr.)

Figure 4. The particle density n(+) versus temperature for the 
interacting π+-π− pion gas.



[3] D. Anchishkin, V. Gnatovskyy, D. Zhuravel, V. Karpenko, I. Mishustin, H. Stoecker, Universe 2023, 9, 411 (2023).

Type 2,3 phase transition (2nd order ph. tr.)[3]

Figure 5. The particle-number densities n(+) , n(−) versus temperature 
for the interacting π+-π− pion gas. The attraction parameter is κ = 1.

Figure 6. The condensate particle-number densities n
cond

 versus 
temperature. The attraction parameter is κ = 1.



What if 𝜅 is in over-critical regime?

𝜅 > 1







Type 4 phase transition (1st order ph. tr.)[3,4]
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Figure 5. The particle-number densities n(+) , n(−) versus temperature 
for the interacting π+-π− pion gas. The attraction parameter is κ = 1.1.
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Type 4 phase transition (1st order ph. tr.)[3,4]

Proof



Conclusions

❏ The scalar and thermodynamic mean-field models were used to describe the 
2-component system of interacting mesons (bosons) at high temperatures in the 
presence of condensate.

❏ In the case of the conservation of isospin, 4 types of phase transitions are defined in 
a relativistic bosonic system with repulsion and attraction: type 1 - the one-time 
transition of the dominant component (2nd order), type 2 - the multiple phase 
transition of the dominant component (2nd order), type 3 - the point (virtual) phase 
transition of the second component (2nd order), type 4 - the transition of both 
components into the condensate phase (1st order).

❏ When both components are in the condensate phase, the thermal particles have no 

additional charge, that is, the isospin (charge) density of the thermal particles is 

zero. Additional charge accumulates only in condensate particles.



Condition for the condensate formation:

Ideal nonrelativistic 1-component gas

In the interval   0 < T < Tc

The Grand Canonical Ensemble is not suitable for describing 
the bosonic system in the condensate phase 



Figure 1. The particle-number densities n(+) , n(−) versus temperature 
for the ideal π+-π− pion gas. The total isospin density is kept constant, 

n
I
 = 0.1 fm−3.
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Ideal 2-component relativistic gas

Condition for the condensate formation:

In the interval   0 < T < Tc

Both components cannot be in the condensate phase 
at the same time:



In the condensate phase the chemical potential is not a free parameter 

GCE:  canonical variables are

CE:  canonical variables are

The thermodynamic mean-field model

The scalar field model



Conclusion

❏



Thank you for attention!




