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Motivation
• Neutron star mergers are large colliders provided for free by Universe
• Price we pay is limited knowledge of what is collided 

• Study of colliding neutron stars can help us to 
• Constrain physics of dense matter 
• Study cosmology
• Understand astrophysics (kilonova, GRBs)
• Study “chemical” evolution of the universe (NS mergers are main events where

some elements are created – Au, Pt …)



Equation of state
• From nuclear physics: Binding energy as a function of baryon density and 

composition 
• NS equilibrium – charge neutrality + equilibrium (e.g. β) -> e(n)
• First law of thermodynamics -> P=n2 ∂e/∂n
• Equation of state in the form P(e)

• Different ways how to describe nucleon-nucleon interaction
• Both theoretical – (semi)analytical, from effective Hamiltonian etc. 
• Each theoretical description has parameters that can differ from one EoS to another –

parameterizations 



Equation of state -> NS model (nonrotating)
• Spherical symmetric space-time

• Perfect fluid

• From Einstein equations: 

• From conservation of energy momentum tensor: 



Equation of state -> NS model

Equations of state taken from the compose 
database

(https://compose.obspm.fr)

[TOK_2015]  S. Typel, M. Oertel, T. Klähn, 
Phys.Part.Nucl. 46, 633
[OHKT_2017]  M. Oertel, M. Hempel, T. Klähn, 
S. Typel, Rev. Mod. Phys. 89, 015007
[TOK_2022]  S. Typel, M. Oertel, T. Klähn et al, 
arxiv:2203.03209

There are dozens of models with hundreds of 
parametrizations

https://compose.obspm.fr/
https://doi.org/10.1134/S1063779615040061
https://doi.org/10.1103/RevModPhys.89.015007
https://arxiv.org/pdf/2203.03209


Universal relations – first results
• Ravenhall & Pethick 1994 –Neutron star moments of inertia 



Universal relations – first results
• Bejger & Haensel 2002  

“Moments of inertia for 
neutron and strange 
stars: Limits derived for 
Crab pulsar”



Universal relations 2013 and beyond
• Three groups published discussing universal relations 
• Urbanec, Miller, Stuchlík: Quadrupole moments of rotating neutron stars and 

strange stars, (MNRAS)
• Yagi & Younes: I-Love-Q: Unexpected Universal Relations for Neutron Stars and 

Quark Stars (Science), I-Love-Q relations in neutron stars and their applications to 
astrophysics, gravitational waves, and fundamental physics (PRD)
• Maselli, Cardoso, Ferrari, Gualtieri, Pani: Equation-of-state-independent relations in 

neutron stars (PRD)

• Later studied for magnetic stars, in alternative gravities, for hot stars etc. 



Rotating stars – C-Q relations 
• Hartle Thorne approach (slow rotation)

• Differential equations for perturbation functions are obtained from Einstein 
equations 
• We match exterior and interior solution
-> M, J, Q
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Rotating stars – C-Q relations 
• Eq. for angular momentum of matter with respect to dragging of in. frames 

• Surface: 



Dimensionless, frequency ind. quantities

• Nonrotating star M0 R0

• Rotating stars M, Q, J, f, Req, Rp

• Dimensionless, frequency independent quantities
R0 /M0 , QM0/J2, I/M3 (I=J/f)

• In the past different normalization of I used (I/MR2)



Urbanec, Miller, Stuchlík 2013
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• Ql … quadrupolar deformation of gr. field induced by exterior tidal field El
• Qlm = - 𝜆 Elm
• Tidal deformability 𝜆
• Normalized tidal deformability 𝜆/M5

Tidal deformability and Love numbers



Yagi & Yunes 2013 PRD



Yagi & Yunes 2013 -Science



Love numbers and tidal deformability

Yagi & Yunes, 2017, Phys. Rep.

I-Love-Q



New calculations
• EoS from CompOSE
• Rotating stars M, Q, J, f, Req , Rp

• Dimensionless, frequency independent quantities
• R0 /M0 , QM0/J2, I/M3

• New quantities related to the change of the shape of the star and the 
increase in gravitational mass
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Rotating stars
• Moment of inertia and quadrupole moment 

Urbanec +, 2024, in prep



Rotating stars
• Change in shape of the star and total gravitational mass



Application of universal relations
• Why using them and why to study them? 

• Calculating mass and radius from observations
• X-ray bursts
• QPOs
• GW!



1st detection of GW from binary NS Merger GW170817

• First merger of 2 NS
• Multi-messenger 

observations
• Measurements of 

Neutron Star Radii and 
EoS (1 year later) from 
tidal deformability
• Other constraints from 

post-merger evolution



GW170817 Tidal deformabilities



GW170817 Mass and Radius Constraints



Conclusions
• Universal relations are great tool that can reduce computational time
• Can be used in various astronomical situations (Xrays, GW etc.)

• There are other universalities not mentioned here 
• Maximum mass at mass shedding limit is given by maximum mass of non-rotating 

configuration (Breu & Rezzolla 2016 for cold stars; Khosravi Largani + 2022 for hot stars) 
• For all neutron star the specific angular momentum at mass shedding limit is 0.65-0.7 

for NS mass (1.2 – 2.0)M☉ (Lo & Lin 2011)
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