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pQCD Constraint on Equation of State (EoS)
Theoretical Upper Bound on (squared) speed of sound  

• Stiffness of EoS 

• Chiral transition 

• …..



QCD Phase Diagram
What we theorise versus what we know (also debatable)…

• CEP? 

• Chiral transition ? 

• (De)confinement transition? 

• …..

• Supernova 

• Heavy Ion Collisions 

• Compact stars
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      Dynamical model                                                                                                      Marquez, Malik, et. al. (2024)

Speed of Sound: Standard Nambu-Jona Lasinio (NJL) 
Model



(Non-Local) Nambu-Jona-Lasinio Model
m*(p) = m−γ(p)Gs ns

μ*(p) = μ−γ(p)Gv nvQuasi-Particle Model

Adapted from Richard D. Mattuck, “A Guide to Feynman Diagrams in the Many-Body problem”

Momentum dependence



(Non-local) Nambu-Jona-Lasinio Model

n(x) =
1

1 + ex/T

m*(p) = m + γ(p) 2GsNcNf ∫
d3q

(2π)3
γ(q)

4m*q
2Eq

[1 − n(Eq − μ*q ) − n(Eq + μ*q )]

μ*(p) = μ − γ(p) 2GvNcNf ∫
d3q

(2π)3
γ(q)

4
2

[n(Eq − μ*q ) − n(Eq + μ*q )]

Eq = q2 + (m*q )2

Quasi-particle mass

Quasi-particle chemical potential



• M(p) saturates asympto- 
-tically to current quark 
mass 

• μ(p) saturates asympto- 
-tically to bare μ 

• Change in dispersion 
relation - 

 E(p) = p2 + M(p)2

Dynamical interaction 

?



nv = NcNf
1
π2 ∫

∞

0
dqq2Θ(μ*q − q)

= NcNf
1
π2 ∫

μ*pf (μ)

0
dqq2

μ*(p) = μ − γ(p)Gvnv

nv = NcNf
1
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∞

0
dqq2Θ(μ* − q)

= NcNf
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0
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μ* = μ − Gvnv

Non-trivial Interacting Fermi surface !Trivial Fermi surface 

Local Interaction Dynamical Interaction

Local v/s Dynamical 
T       0 

nv = nv[μ*pf (μ)]nv = nv(μ*(μ))

= NcNf
1

3π2
μ*(μ)3

NATURAL DENSITY-
DEPENDENCE



CONSEQUENCE OF DYNAMICAL INTERACTION 
T  0 

cs2 =
1
μ

nv

χ2

(squared) Speed of Sound 

cs2 =

nv

μ
dnv

dμ



Baryon Fluctuations: Dynamical model





BARYON FLUCTUATIONS: DYNAMICAL MODEL 

T≠0, μ=0

local dynamical

χ2 =
dnv

dμ
∝ T2

χ2 =
dnv

dμ
∝

T2

1 + CT2



CONSEQUENCE OF DYNAMICAL INTERACTION 
Finite Temperature 

Baryon fluctuations: Dynamical model



PRELIMINARY



Missing ingredients: 
mechanism for 

(de)confinement



(De)confinement
Dynamical model versus String-Flip model

Infinite Mass  Infinite chiral condensate

?

Niels-Uwe F. Bastian, (2021)Dynamical model 



Coulomb Gauge Model





PRELIMINARY



SUMMARY & CONCLUSIONS

• Inherent gluon scale essential for modelling interacting 
Fermi surface —> natural density-dependence. 

• Non-local cut-off —> essential, quantifiable 
contributions to cs^2 and χ_2 & not a scale to be 
removed. 

• cs^2 and χ_2 reach asymptotic limit in a dynamical 
model. 

• χ_2 along finite T (zero μ) reaches asymptotic limit in a 
dynamical model. 

• (De)confinement and chiral symmetry essential 
ingredients at intermediate densities and temperatures.



BACK UP SLIDES
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Non-locality of constituent mass, chemical potential and diquark pairing gap

(Non-Local) NJL with Diquark

DIQAURK PAIRING GAP  
<qq>

Quasi-particle property 
modified



Position of CEP - no confinement & how it moves with confinement 
included and non-local interaction, it’s the contour plot of the order 
parameter



QqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqCONSTITUENT (QUARK) MASS (GeV):DYNAMICAL MODEL



Verify this 







SPEED OF SOUND  

LOW TEMPERATURE 



CHIRAL SUSCEPTIBILITY 

T ⟶ 0





Omega mean field in non-local NJL model



cs2
μ→∞ ≈

1
3 [1 −

ω∞

μ (1 +
2μ2

UV2 )e− μ2

UV 2 ] χ2μ→∞ ≈
NcNf

π2
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2ω∞
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SPEED OF SOUND V/S CHIRAL SUSCEPTIBILITY

Non-local cut-off is inherent gluon interaction scale  

Replace w/I Wroclaw graphs


